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Abstract. We argue that there are mutually beneficial connections todme between ideas
in argumentation theory and the philosophy of mathemadied that these connections can be
suggested via the process of producing computational reofi¢gheories in these domains. We
discuss Lakatos’s work (1976) in which he championed thermél nature of mathematics,
and our computational representation of his theory. Ini@aer, we outline our representa-
tion of Cauchy’s proof of Euler’s conjecture, which uses kvby Haggith on argumentation
structures, and identify connections between these smesand Lakatos’'s methods.
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1. Introduction

Mathematicians have traditionally attributed great int@oce to proofs, since
Euclid’s attempts to deduce principles in geometry from albiset of ax-
ioms! Experience of the fallibility of proofs led many mathemétits to
change their view of the principal role that proof plays franguarantee of
truth to new ideas such as an aid to understanding a theoranayHL928),
a way of evaluating a theorem by appealing to intuition (\&jdL944), or
a memory aid (Polya, 1945). Lakatos (1976), via the voicehefteacher,
suggested that we see a proof as a thought-experiment whigjgésts the
decomposition of a conjecture into subconjectures or lesprtisembed-
ding it in a possibly quite distant body of knowledge” (Lakatos, 8,97. 9).
This change in the perception of the role of proof in mathé&satrom its
lofty pedestal of infallible knowledge to the more famili@vel of flawed
and informal thought, suggests that work in argumentatieorty, commonly
inspired by practical argument such as legal reasoning, lmearelevant to
the philosophy of mathematics. Conversely, the fertile donof mathemat-

1 We are grateful to one of our reviewers for highlighting ifisiencies in certain proofs
in Euclid’'s Elements, in terms of reliance on diagrams angsjaal constructions which were
not formally defined. There is a parallel here with Hilbegfegramme, which “glossed over
subtle points of reasoning and relied heavily, in some casegliagrams which allowed
implicit assumptions to be made” (Meikle and Fleuriot, 20031L6). As pointed out by our re-
viewer, the fact that even such stalwarts as Euclid and Hittepended on informal argument
strengthens our own argument that there is a place for angiatien theory in mathematics.
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ical reasoning can be used to evaluate and extend generahangation
structures.

The relationship between the philosophy of mathematicsaagdmen-
tation theory has already borne fruit. In Toulmin’s wellean model of
argumentation (1958), written as a critique of formal Iodie argued that
practical arguments focus on justification rather thanraériee. His layout
comprises six interrelated components: a claim (the caimtuof the argu-
ment), data (facts we appeal to as the foundation of the laimrrant (the
statement authorising the move from the data to the claiagkibhg (further
reason to believe the warrant), rebuttal (any restrictidased on the claim),
and a qualifier (such as “probably”, “certainly” or “necesigd, which ex-
presses the force of the claim). While Toulmin did considextthematical
arguments (for example, Toulmin, 1958, pp. 135-136), hwllyi developed
his layout to describe non-mathematical arguntditwever, he later applied
the layout to Theaetetus’s proof that there are exactly flagopic solids
(Toulmin et al., 1979). Aberdein has shown that Toulmin'guanentation
structure can represent more complex mathematical preotst as the proof
that there are irrational numbessand # such that” is rational (Aberdein,
2005), and the classical proof of the Intermediate Valueofdéra (Aberdein,
2006). Alcolea (1998) has shown that Toulmin’s argumenitasitructure can
also be used to represent meta-level mathematical argumedelling Zer-
melo’s argument for adopting the axiom of choice in set thegdescribed
in Aberdein, 2005). Alcolea also presents a case study oEAgpd Haken'’s
computer assisted (object level) proof of the four colowotiem (Aberdein,
2005, suggests an alternative representation of thiseéhgowhich also uses
Toulmin’s layout). Aberdein (2006) describes differentysaf combining
Toulmin’s layout, and uses his embedded layout to reprebenproof that
every natural number greater than one has a prime factorisat

Lakatos (1976) championed the informal nature of mathemapiresent-
ing a fallibilist approach to mathematics, in which proagsnjectures and
concepts are fluid and open to negotiation. He saw mathesredian adven-
ture in which, via patterns of analysis, conjectures andfgrcan be gradually
refined. Lakatos demonstrated his argument by presenttimnah recon-
structions of the development of Euler’s conjecture thatafoy polyhedron,
the number of vertices (V) minus the number of edges (E) glasnumber
of faces (F) is equal to two, and Cauchy’s proof of the comjecthat the
limit of any convergent series of continuous functionsselit continuous. He

2 For instance, Toulmin argues that “mathematical argumalatse seem entirely safe”
from time and the flux of change, adding that “this unique abtar of mathematics is signifi-
cant. Pure mathematics is possibly the only intellectuaViggcwhose problems and solutions
are ‘above time’. A mathematical problem is not a quandsysdlution has no time-limit; it
involves no steps of substance. As a model argument for fdogieians to analyse, it may
be seducingly elegant, but it could hardly be less reprasigat (Toulmin, 1958, p. 127).
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also presented a rational reconstruction of the historgleas in the philos-
ophy of mathematics. Lakatos’s work in the philosophy of meatatics had
three major sources of influence: firstly, Hegel's dialedtiovhich thethesis
corresponds to a naive mathematical conjecture and ptomfritithesisto
a mathematical counterexample; and flyathesido a refined theorem and
proof (described in these terms in Lakatos, 1976, pp. 148)-1skcondly,
Popper’s ideas on the impossibility of certainty in scieand the importance
of finding anomalies (Lakatos, 1976, p. 139, argued that Hmog Popper
“represent the only fallibilist traditions in modern plslaphy, but even they
both made the mistake of preserving a privileged infallistigtus for math-
ematics”); and thirdly, Polya’s (1954) work on mathemdticauristic and
study of rules of discovery and invention, in particular defyy an initial
problem and finding a conjecture to develop (Lakatos, 1976, mote 1,
claimed that the discussion in his (1976) starts where Po$faps). Lakatos
held an essentially optimistic view of mathematics, sedhmey process of
mathematical discovery in a rationalist light. He challedd®opper’s view
that philosophers can form theories about how to evaluatgectures, but
not how to generate thehin two ways: (i) he argued that therie a logic of
discovery, the process of generating conjectures and juleat or sketches
is subject to rational laws; anfli) he argued that the distinction between
discovery and justification is misleading as each affectsather;i.e., the
way in which we discover a conjecture affects our proof {ficsttion) of it,
and proof ideas affect what it is that we are trying to proee (sarvor, 1998).
This happens to such an extent that the boundaries of eatiuared?

3 Popper (1959) argued that the question of generation shauleft to psychologists and
sociologists: “The question of how it happens that a new ioigaurs to man... may be of
great interest to empirical psychology; but it is irrelevemthe logical analysis of scientific
knowledge” {bid., p. 31), and shortly after emphasised again, that: “then@ isuch thing as
a logical method of having new ideasbid., p. 32).

4 The question of whether mathematical claims and proofs acéally constructed is
clearly pertinent to our own thesis that argumentation thé® relevant in a mathematical
context. Whether Lakatos held a social-constructivistysiophy of mathematics is controver-
sial (but perhaps irrelevant for our current thesis). Havgthere are certainly social aspects
in Lakatos’s theory: in particular his emphasis on the infeeethat Hegel's dialectic had on
his thinking, and his presentation of mathematical develeqt as a social process of concept,
conjecture and proof refinement, presented in dialogue.férmest (1997) develops Lakatos’s
fallibilism and ideas on negotiation and acceptance of eratitical concepts, conjectures and
proofs (together with Wittgenstein’s socially situatedgliistic practices, rules and conven-
tions) into a social-constructivist philosophy of mathéicea Goguen (1999) also presents
a defence of the social-constructivist position, arguimat flthough mathematicians talk of
proofs as real things, “all we can ever actually find in thd vezld of actual experience are
proof events, or “provings”, each of which is a social int#i@n occurring at a particular time
and place, involving particular people, who have particskills as members of an appropriate
mathematical social community’ibid., p. 288). He continues in a very Lakatosian vein to
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There are a few explicit and implicit overlaps between Lakatwork and
argumentation theories. Aberdein (2006) uses Toulmirysuato describe
and extend Lakatos's method of lemma-incorporation, wherebuttal R)
to a claim C) is a global counterexample, and the argument is repaired by
adding a lemmal(), which the counterexample refutes, as a new item of
data R — —L) and incorporating the lemma into the claim as a precon-
dition (L — C). Pedemonte (2000) discusses the relationship between the
production of a mathematical conjecture and the constmadf its proof-
object, referred to asognitive unity This can be compared to Lakatokigic
of discovery and justificationwhile Lakatos viewed the two processes as
circular, with changes in the proof suggesting changesaatimjecture and
vice versa, as opposed to Pedemonte’s assumption of a ¢hgioad order,
the two theories can be seen as cognitive and philosophaahterparts.
Naess’s (1953) work on argumentation can also be comparedkatos’s
theory: he argues that discussion can be about interpmetatiterms, during
which a process of precization takes place. If this failsetmdl to agreement
then evidence is weighed up to see which of two interpratatie more ac-
ceptable. There are very strong parallels between this akdtbs’s method
of monster-barring in particular, but also his other methoficonjecture and
proof refinement. Another similarity is thgegreeof precization required:
both Lakatos and Naess (1966) argued that we should makexprgssions
sufficiently precise for the purposes at hand, rather thantairesolve all
ambiguity®

The rest of this paper is structured as follows: in 82 we diescour
computational model of Lakatos’s theory, HRL, which hasgasied new
connections between argumentation theory and the phiysopmathemat-
ics. In 83 we discuss how we have represented Cauchy’s prfogtiler's
conjecture by using work by Haggith on argumentation regregion and
structures. 84 contains a discussion of aspects of Lakatosthod of lemma-
incorporation and how they have affected our algorithmaisation: we also
describe our algorithms for each type of lemma-incorporatind for deter-
mining which type to perform. In 85 we outline some connewibetween
Haggith’s argumentation structures and Lakatos’'s metlawis show how
other mathematical examples can be described in this waydielude in
86.

criticise the way mathematicians often hide obstacles éffidudties when presenting their
proofs, advocating that the drama be reintroduced.

5 We thank one of our reviewers for pointing out the relevarfcgrecization.U is more
precise tharT if any interpretations of)J are also interpretations d&f, but there are inter-
pretations of T which are not interpretations &f. Both Naess and Lakatos see agreeing
on the meaning of terms as a stage of a discussion (as oppwse@re-requisite to it as,
for example, in Crawshay-Williams, 1957). Naess also shai¢éh Lakatos an approach to
philosophy which is mainly based on descriptive, rathen tharmative aspects.
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2. A computational model of Lakatos stheory

Lakatos outlined various methods by which mathematicaladisry and jus-
tification can occur. These methods suggest ways in whiclkeeqin, con-
jectures and proofs gradually evolve via interaction betwmathematicians,
and include surrender, monster-barring, exception4bgrrnonster-adjusting,
lemma-incorporation, and proofs and refutations. Of thése three main
methods of theorem formation are monster-barring, exoegiarring, and
the method of proofs and refutations (Lakatos, 1976, p. 8B)dely speak-
ing, monster-barring is concerned with concept developgnesiaeption-barring
with conjecture development, and the method of proofs afudations with
proof development. However, these are not independenegses; much of
Lakatos’s work stressed the interdependence of these dbpmets of theory
formation. We hypothesise thé) it is possible to provide a computational
reading of Lakatos's theory, ar(d) it is useful to do so. To test these two
hypotheses we have developed a computational model of asikatheory,
HRL.® Running the model has provided a means of testing hypotizsas
the methods; for instance that they generalise to scienfiinking, or that
one method is more useful than another. Additionally, theeess of having
to write an algorithm for the methods has forced us to inetrplarify and
extend Lakatos’s theory, for instance identifying areasthiich he was vague,
or omitted detailg.

In keeping with the dialectical aspect of (Lakatos, 1976k, model is
a multiagent dialogue system, consisting of a number ofestudgents and
a teacher agent. Each agent has a copy of the theory fornatstem, HR
(Colton, 2002), which starts with objects of interestg, integers) and ini-
tial concepts€.g, division, multiplication and addition) and uses prodoti
rules to transform either one or two existing concepts irw pnes. HR also
makes conjectures which empirically hold for the objectmtdrest supplied.
Distributing the objects of interest between agents mdaatstiiey form dif-
ferent theories, which they communicate to each other. fsgben find coun-
terexamples and use methods identified by Lakatos to sugumtifications
to conjectures, concept definitions and proofs.

In this paper we are concerned with our algorithmic reabtisabf the
method of proofs and refutations, and its mutually bendfagaociation with

6 The name incorporates HR (Colton, 2002), which is a systenedaafter mathematicians
Godfrey Harold Hardy and Srinivasa Aiyangar Ramanujan ana$ a key part of our model,
and the letter “L”, which reflects the deep influence of Lak&evork on our model.

7 Since Lakatos's work (1976) was the first attempt to charieténformal mathematics
(see Corfield, 1997 and Feferman, 1978), it is likely to b@mplete, and hence be open to
criticism and extension. Lakatos himself neither congdehe methods complete nor defini-
tive, arguing only that they provide a more realistic andphélportrayal of mathematical
discovery than Euclidean (deductive) methodology.
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work from argumentation theory. Other aspects of the pt@ee described
in (Pease et al., 2004).

3. A computational representation of Cauchy’s proof

The method oflemma-incorporation developed via the dialectic into the
method ofproofs and refutationsis considered by Lakatos to be the most
sophisticated in his (1976). Commentators and criticsjrfetance Corfield
(1997) or Feferman (1978), usually share this view, oft&irggthe rest of the
book as a prelude to this meth®d-he method works on a putative proof of
a conjecture: the main example in (Lakatos, 1976) is CagoiB13) proof
of Euler’'s conjecture that for all polyhedrd, — E + F is 2. Therefore, in
order to modelemma-incorporatiorin HRL, we need a way of representing
an informal mathematical proof.

3.1. CAUCHY'S PROOF

Lakatos argued that nineteenth century mathematiciamgedi€auchy’s proof
of Euler’s conjecture in (Cauchy, 1813) as establishingthign of the ‘theo-
rem’ beyond doubt (Lakatos, 1976, p. 8, cites Crelle, 188dgdieres, 1890,
and Matthiessen, 1863 as examples). For a diagrammatiesemation of
these steps, carried out on the cube, see Figure 1, taker(lfadmtos, 1976,
p. 8).
Step 1:Let us imagine the polyhedron to be hollow, with a surface enad
of thin rubber. If we cut out one of the faces, we can stretetréimaining
surfaces flat on the blackboard, without tearing it. The damed edges
will be deformed, the edges may become curved,\bwand E will not
alter, so that if and only iV — E + F = 2 for the original polyhedron,
V — E + F = 1 for this flat network — remember that we have removed
one faceStep 2:Now we triangulate our map — it does indeed look like
a geographical map. We draw (possibly curvilinear) diatpirathose
(possibly curvilinear) polygons which are not already §bly curvilin-
ear) triangles. By drawing each diagonal we increase Botnd F by
one, so that the totad — E + F will not be altered.Step 3:From the
triangulated map we now remove the triangles one by one. Move a
triangle we either remove an edge — upon which one face aneédge
disappear, or we remove two edges and a vertex — upon whicfacege
two edges and one vertex disappear. Thus, if we\had + F = 1 before
a triangle is removed, it remains so after the triangle isawsd. At the

8 This is possibly because, despite different perspectingb@role of proof in mathemat-
ics, the idea that it is an important one is generally acecked these are the only methods
to consider the ‘proof’ of a conjecture.
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part 1 part 2

@ part 3 (b)

Figure 1. Given the cube, after removing a face and stretching it flat,ane left with the
network in part 1. After triangulating, we get part 2. Whemowing a triangle, we either
remove one edge and one face, or two edges, one vertex anel-a-fabhown in parts 3(a) and
(b) respectively.

end of this procedure we get a single triangle. Forthis E+ F = 1
holds true. (Lakatos, 1976, pp. 7-8)

3.2. REPRESENTING INFORMAL MATHEMATICAL PROOFS

Cauchy’s proof can be represented in a variety of ways usmgniin’s
layout. We show one of the simplest ways in Figure 2; more istipated
versions might include multiple-linked, or nested layo(ds in Aberdein
2005, 2006) where individual proof steps each forateémin one argument,
which then (possibly combined with other premises) formes dhta in a
subsequent argumehtlowever, while Toulmin picked apart argumentation
structures and showed how the traditional “Minor PremisajdviPremise,
so Conclusion” was too crude to represent the way in whiclpleeactually
argue, he mainly identified different types of statementciwhn some way
supporta claim. There is only one type of statement in Toulmin’s latyo
which opposesa claim: a rebuttal. This can be interpreted in different svay
as a rebuttal to the claim, a rebuttal to the warrant, a rabtdgtan implicit
premise, or as a statement which supports a refutation ofl#em, and its
function is still under debate (see Reed and Rowe, 2005,51.9). Pollock
(1995) defines eebutting defeater Rs a reason for denying a claifwhich

is supported by prima facie reas@n He claims ibid., p. 41) to have been the
first to explicitly point out defeaters other than a rebutialPollock, 1970),
and identifies theindercutting defeateihis defeater attacks the connection
between a prima facie reason and the conclusion, ratheratiacking the

9 It would be interesting to investigate how many of the argntaelescribed in (Lakatos,
1976) can be represented in this layout.
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BACKING

We can perform this thought
experiment on the cube

|

WARRANT

Step 1
Step 2

Step 3
DATA °p CLAIM

QUALIFIER

for é.1|| platonic (regular So| probably for all polyhedra,
solids,V-E+F=2 V-E+F=2

Except polyhedra
with cavities

REBUTTAL

Figure 2. A representation of Cauchy’s proof of Euler’'s conjecturging Toulmin’s layout,
where steps 1-3 are as described above, taking into coasatethe first counterexample.
The data are the facts which initially inspire the conjeeturLakatos'’s 1976.

conclusion directly. For the purposes of our computationatiel we have
adopted a meta-level argumentation framework (HaggitB6),9consisting

of a catalogue of argument structures which give a very fragngd represen-
tation of arguments, in which both arguments and countgiraents can be
represented. While this framework may lack Toulmin’s asslpf statements
which support a claim (and has no way of representing a gerlift is clear

which part of an argument a rebutter rebuts. Given Lakatesiphasis on
both the importance and the different types of counterexampe deemed
this framework appropriate for our needs.

3.3. HAGGITH'S ARGUMENTATION STRUCTURES

Haggith (1996) starts from the viewpoint that if a domain amtroversial,
then there may be more than one answer to a question andateedi$agree-
ments may be useful, rather than an obstacle to be overcongepimary
goal of the system described by Haggith, therefore, isxqaorerather than
resolve conflicts. In order to incorporate a high degree aftflity, Haggith
represents arguments at the meta-level which is indepémddéogic or any
specific representation language or domain.

Haggith’s representation language describes three qadsgd meta-level
object: proposition names, arguments and sets. The syrmbetsin the al-
phabet areA;, A, ... to denote proposition names=" the argument con-
structor, the standard set and logical symbols, some oalatames (such
as disagree) and brackets and commas. An arguridéntwhich C is the

bridgi ng-the-gap. tex; 9/07/2008; 20:45; p.8



Bridging the gap between argumentation theory and philogo mathematics 9

conclusion, derived from premisd3l and P2, whereP2 is itself derived
from premiseP3, is represented a& = {C < {P1, P2 « {P3}}}. There
are two destructor relations for looking inside argumerd aet termsset
membershipe, which is a two-place, infix relation wherB e Sif, for
someSl, S = S1 U {P}; and argumentwhich is a three-place relation,
where argumeng, P, S) if Ais the argumenP < SandP is called the
conclusion ands is called the premise set. A further destructor, the support
relation can be defined from the other two. This holds betwe®rproposi-
tions, the second of which occurs in an argument for the ftgiportsP, Q)
holds if there existsA, argument@, P, S) and, eitherQ is a member of

S, or there existsAl, a member ofS, such that argumeni(l, P1, S1) and
supportsP1, Q). Haggith has defined four primitive relations at the meta-
level which express links and contrasts between object lenapositions:
equivalent(P, Q), whereP and Q are names of propositions which mean
the samedisagreementP, Q), whereP and Q are names of propositions
which disagree or express a conflietaboration P, S), whereP is a propo-
sition name ands is a set of names of propositions which elaborate or em-
bellish uponP; and justification(P, S), where P is a proposition nhame
and Sis a set of names of propositions which are a justificatio®® oHag-
gith provides some properties of these relations whichragstheir possible
applicability, for instancedisagreementP, Q) — disagreemeniQ, P);
disagreementP, Q) — not(equivalent(P, Q)); and(equivalent(P, Q)

& elaboration(P, S)) — elaborationQ, S).

Haggith then constructs higher order, meta-level relataefined in terms
of the four primitive relations. It is Haggith’s developnieof these argu-
mentation structures that distinguishes her work from dsesh box-arrow
systems. We give two of the structures in detail here andkkbe rest below.
We use the lettersX” and “Y” to represent anonymous variablé&butta)
inspired by (Elvang-Ggransson et al., 1993), is a relatetwben arguments
whose conclusions disagree. The meta-level definition is:

e rebuttal(P) is the set of argument#, such thatlisagreementP, Q)
& argumentA, Q, X).

e rebutq A, B) if argumentA, P, X) & membe(B, rebuttal(P)).

That is, the rebuttal of a propositioR is the set of arguments for any
propositions which disagree witR. Two arguments rebut each other if one
is a member of the rebuttal of the conclusion of the other.dithig notion
of rebuttal fits with an interpretation of the Toulminian uéer as one which
rebuts the claim. It also coincides with Pollock’s definitiof rebuttal.

Undercuttingis inspired by (Toulmin, 1958) and defined as follows: an
argumentA, with conclusionQ, undercuts an argumeBtif for some premise
P of B, P disagrees withQ. That is, an argument undercuts another, if the
first rebuts a premise of the second. The meta-level defnigio
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e undercuttingP) is the set of arguments), such thaargumen{X, P, S)
& membe(P1, S) & disagreementP1, Q) & argumentA, Q, Y).1°

e undercutgA, B) if argument A, P, X) & membe(B, undercuttingP)).

Haggith’s notion of undercutting fits with an interpretatiof the Toul-
minian rebutter as one which rebuts the warrant, and wittoBld¢ definition
of undercutting. The only difference is that both the intetation of Toulmin
and Pollock specify théype of supporting premise which a statement must
rebut (the warrant and the prima facie, respectively), evhiaggith does not
make that distinction.

Given a propositior® and an argumerd for P, possible argument moves
which provide support foP include:

e corroboration an argument for a proposition which is equivalent to (or
is) P;

e enlargementan argument for an elaboration Bf and

e consequencen argument in whicP is a premise.
Argument moves which oppogeinclude:

e rebuttat an argument for a proposition which disagrees With

e underminingan argument for a proposition which disagrees with a propo-
sition which is an elaboration of, or is equivalent &,

e undercutting an argument for a proposition which disagrees with a premis
of P;

e target an argument which contains a premise which disagreesRyith
and

e counter-consequencan argument which contains a premise which dis-
agrees with the conclusion of another argument in wRiah a premise
(inspired by Sartor, 1993).

3.4. USING HAGGITH'S ARGUMENTATION STRUCTURES TO REPRESENT
MATHEMATICAL PROOFS

We have expressed Cauchy’s proof in Haggith’s terms byngitias a series
of propositions and showing the relationships between thns is shown
in Figure 3, where the proof looks as follows:

A={C & {P0, P1 & {P2 < {P7}, P3, P4 < {P8}, P5, P6}}}
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C: For any polyhedron, V-E+F=2

N

PO: for any polyhedron, we can remove one face and
then stretch it flat on the board, and V-E+F=1

=

P2: if we remove triangles one by one from a
triangulated map, then V-E+F is unchanged

P3:if we remove triangles one by one

from a triangulated map then we
will be left with a single triangle

P1: for any polyhedron, V-E+F=2 iff when we remove
one face and stretch it flat on the board, then V-E+F=1

\

P6: we can triangulate the map whic
results from removing a face from
a polyhedron and stretching it flat
on the board
P5:for any triangle,
V-E+F=1
P4: if we triangulate the map

that results from removing a face
from a polyhedron and stretching it flat

P7:from a triangulated map, on the board, then V-E+F is unchanged

if we remove any triangle,
then we either remove
one F and one E, or

one F, two E's and one V

P8: by drawing any diagonal on a map
we increase both E and F by 1

Figure 3. The original proof of Euler’s conjecture, represented irgglth’'s terms. The ar-
rows represent the justification relation, where the setefrises taken together on any line
supports the proposition directly above it. Propositionith@ut any arrows leading into them
are unsupported assumptions (thus particularly open totepargument).

The four initial counter-arguments (all questioning ursaged assump-
tions), suggested by the ingenious students, to the thegs sff Cauchy’s
proof on (Lakatos, 1976, p. 7) are all examples of Haggidrgetarguments,
disagreeing with a premise . We represent them beloW,and show the
diagrammatic representation of the first in Figure 4:

1) — PO: Some polyhedra, after having a face removed, cannot&telséd
flat on a board (questioning the first step).

2) —P8: In triangulating the map, we will not always get a face foeny
new edge (questioning the second step).

3) —P7: There are more than two alternatives, when we removeitre tr
gles one by one, that either one edge and a face; or two edfsmss and a
vertex disappear (questioning the third step).

4) —P3: If we remove triangles one by one from a triangulated mizgm t
we may not be left with a single triangle (also questioningttiird step).

10 Another way of saying this
membefA, rebuttal(P1)).

11 \We state the counter-arguments as propositions, where@sakatos, 1976) they are
guestionsi.e., “are you sure that...” rather than “it is not possible...".

isargumentX,P,S) & membe(Pl, S &
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c
disagree / \

PO P1
N
T P3 74 P5 Pe

P7 P8

Figure 4. The first counter-argument, represented in Haggith's tefdremarked arrows
represent the justification relation.

4. Lakatos'smethod of lemma-incorporation

Lakatos’s method of lemma-incorporation distinguisbledal andlocal coun-
terexamples, which refute the main conjecture or one of thefpsteps (or
lemmas), respectively. When a counterexample is foundnlafimcorporation
is performed by determining which type of counterexampls:iif it is local
but not global (the conclusion may still be correct but tresmns for believing
it are flawed) then he proposes modifying the problematiofostep but
leaving the conjecture unchanged; if it is both global archldthere is a
problem both with the argument and the conclusion) then taskproposes
modifying the conjecture by incorporating the problematioof step as a
condition; and if it is global but not local (there is a pramlevith the conclu-
sion but no obvious flaw in the reasoning which led to the agsioh) then he
proposes looking for a hidden assumption in the proof stegn modifying
the proof and the conjecture by making the assumption ancibqundition.
The method of proofs and refutations consists of settingtoyirove and
refute a conjecture, looking for counterexamples both &dbnjecture and
the lemmas, determining which type of counterexample iaigl then per-
forming lemma-incorporation. In the discussion below, wkofv Lakatos’s
convention of using students with names from the Greek akpthia present
different mathematical and philosophical viewpoints.

4.1. THREE TYPES OF COUNTEREXAMPLE

The cube is a local but not global counterexample since latgs the third
lemma in Cauchy’s proof, but not the conjecture. That iss ipossible to
remove a triangle without causing the disappearance of dge er else of
two edges and a vertex, by removing one of the inner triangles Figure
5); in this case, we remove a face but no edges or verticehidrcase we
want to modify the proof but leave the conjecture unchandee.do this
by generalising from a single counterexample to a class wftemexamples,
and modifying the problem lemma to exclude that class. 1a thiample,
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part 3 (c)

Figure 5. Given the network which results from taking the cube, remg\a face and stretch-
ing it flat, and triangulating, we can remove a triangle (shaw black) which results in
removing one face, no edges and no vertices.

lemma three becomes “when one drops bloendarytriangles one by one,
there are only two alternatives — the disappearance of oge edelse of
two edges and a vertex”. The corresponding method is locélndt global

lemma-incorporation.

The hollow cube (a cube with a cube shaped hole in it), is bajlobal
counterexample, sincé — E + F = 16 — 24+ 12 = 4, and local, since
it cannot be stretched flat on the blackboard having had artaoeved. In
this case we need to identify the faulty lemma, lemma one,thed make
that step a condition of the conjecture. The proof is lefthamged. Given
the hollow cube, we should incorporate the first lemma ineodbnjecture;
this then becomes “for any polyhedron which, by removing fawe can be
stretched flat onto a blackboaM,— E + F = 2". The corresponding method
is global and local lemma-incorporation.

The cylinder is a global counterexample\ds- E4+ F =0—-2+4+3=1
but not local, since it does not violate any of the proof st&gs can remove
a face and stretch it flat, resulting in two circles which athes disjoint or
concentric (see Figure 6). In order to falsify the secondniernwe would
have to draw an edge which joins two non-adjacent verticesdbes not
create a new face. Clearly we cannot do this as there are tioegeon the
map. Similarly, in order to falsify the third lemma, we wouldve to be able
to remove a triangle and not remove either one edge and ore dadwo
edges, a vertex and a face, and since there are no triangld® onap, we
cannot fail at this stage either. Thus it suggests that thgecture is flawed
and yet the proof of it is upheld. Lakatos argues that thsnge situation
occurs because of ‘hidden assumptions’ in the proof, whiehdounterex-
ampledoesviolate. Faced with such a counterexample, he suggestsvthat
retrace our progress through the proof, until we come to @wstach is in
some way surprisingi.e., one which violates some hidden assumption in
the mathematician’s mind. Once this has been identified, voelld make
it explicit in the proof. The counterexample then becomes @inthe second
type. For instance, one hidden assumption is that havingpeed lemma
one, we are left with a connected network. Therefore we shaddl this into
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the proof explicitly, and modify lemma one to ‘any polyhedrafter having
a face removed, can be stretched flat on the blackboard, anckslt is
a connected network’. The cylinder clearly violates this wse incorporate
the new, explicit lemma, into the conjecture statementcivitihen becomes
“for any polyhedron which, after having a face removed, canstretched
flat on the blackboard leaving a connected netwdftk E + F = 2”. The
principle of turning a counterexample which is global but logal into one
which is both is called therinciple of retransmission of falsitin (Lakatos,
1976). This requires that falsehood should be retransinitiam a global
conjecture to the local lemmas. Thus, any entity which istanterexample to
the conjecture must also be a counterexample to one of thadaim_akatos
called thishidden lemma-incorporatiot?

case 1

case 2

Figure 6. If we remove a face from the cylinder and stretch it flat, theneither get case 1
if we remove an end face, or case 2 if we remove the jacketeEitly, we have satisfied the
first lemma.

12 Note that even if we disregard the different interpretatioh the second lemma, and
hence disagreement about whether the cylinder is a locakfsaw global counterexample,
Gamma’sargument that it is only global is not convincing. In the i@itproof given (see
§3.1) itdoessay explicitly that at the end of the process there is a sitiglagle:if we drop
the triangles one by one from a triangulated map, we will epdwith a single triangle
This lemma is violated by the cylinder, making it both a globad local counterexample.
This would allow for the usual modification of making the lemm preconditionj.e., the
conjecture would become: ‘for any polyhedron which, aftevihg a face removed, and then
stretched flat, triangulated and the triangles removed gnenk, leaves a single remaining
triangle, V — E+ F = 2.

Gammais able to make his argument because the students get thstiag his claim that
the cylinder can be triangulated. The discussion then torttee meaning of statements which
are vacuously true. If they had not disputed this paBammawould not have been able to
uphold his argument. However, the cylinder is still an impot example, in that it highlights
hidden assumptions in the proof, which should be explicit.
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4.2. DISCUSSION OF LEMMAINCORPORATION

In this section, we discuss various aspects of lemma-imcatipn and how
they have affected our algorithmic realisation.

Combining the methods

Exception-barring can be used in lemma-incorporation toag&ery fine
delineation of the prohibited area’ (Lakatos, 1976, p 3fisTmeans that we
were able to reuse our exception-barring algorithms withincomputational
representation of the method of lemma-incorporation.

Thetype of entity in hidden lemma-incorporation

Thetypeof entity that we are discussing is important for computalgur-
poses. This may change as we step through a proof. For iest@atichy’s
proof begins by referring tpolyhedraand, once a face has been removed
and a polyhedron stretched onto a board, then discgsaphs Since a poly-
hedron can only be a counterexample to conjectures aboyhgxira, not to
conjectures about graphs, it may appear that we have a cexaieple which
is global and not local. It is necessary to look for the cqroesling graph and
determine whether this entity is a counterexample to thos@gctures about
graphs. In this case, the disconnected circles in lemma twesgpond to
the cylinder. This is glossed over in (Lakatos, 1976), ad¢hewing quote
shows:

Gamma:The cylindercanbe pumped into a ball — so accordingytour
interpretation it does comply with the first lemma.

Alpha: Well... But you have to agree that it doest satisfy thesec-
ondlemma, namely thatany face dissected by a diagonal fall into two
pieces How will you triangulate the circle or the jacket? Are tegaces
simply connected? (Lakatos, 1976, p. 44).

When Alpha uses the word ‘it’, he refers to the cylinder. However, he
then moves on to talking about the associated graph. Whiladmans this
leap may be acceptable, when implementing this in a programeed to be
explicit about the types of entity to which we are referring.

Identifying a problem lemma in hidden lemma-incor por ation

In a proof where the lemmas chain together as a sequence li¢atigns, the

problem of identifying lemmas involving hidden assumps$ipas presented
by Lakatos, is not difficult for humans. This is because of élement of

surprise which people feel when an entity does not “behavéfie expected
way, where the ‘expected way’ has been learned from prevexasnples.

Modelling this feeling of surprise, however, is a difficudsk. To help us, we
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considered what caused the surprise and produced a simgk ofahat?® In
Lakatos's example, hidden assumptions are found in two lasnamd cause
surprise in different ways.

Lemma one states that any polyhedron, after having a facevenn can
be stretched flat onto a blackboard. Although the cylindet supporting
example of this conjecture, it is surprising: when we remiheejacket from
the cylinder, it falls into two parts, leaving two discontest circles. This is
surprising since all previous examples resulted in comubeetworks. There-
fore, we needed to capture the idea of an entity being simgnsith respect
to a given conjectureWe have defined this as follows:

e surprisingness (type 1): an entity which is a global counterexample
to a proposition is surprising with respect to one of the eonjres (or
lemmas)C = Yx(P(x) — Q(x)) in the proof of the proposition, if
another conjectur€’ can be found, of the foriYx(P(x) — (Q(X) A
R(x))), for some concepR, wherem is the only known counterexample
toC'.

Given a proof-scheme and an entity which is a global but nallooun-
terexample, our algorithm for surprise caused by unexpeb#&haviour is
to go through each lemma in the proof-scheme and, if possgdeerate
a further conjectureC’ of the form above. In order to identify the ‘hidden
assumption’ in a conjecture, we have to break down the casdapt, in
particular the concep® in the conjectureP — Q. This is made easy for
our purposes since for each of its concepts, HR records tistroation path,
and in particular the concepts to which production rulesevagplied to get a
current concept. This ancestor list allows HRL to gradudisect a concept
until a suitable further concepR, is found.

The discussion of the second lemma, i@y face dissected by a diagonal
falls into two pieceswith respect to the two disconnected circles, is related
to work on meaning and denotation (for instance, Russell119p. 496—
504). The problem is that although there are no diagonals oincke, we
are making a claim about the properties that they have. balkatharacter
Gammaargues that it is correct to say that ‘every new diagonal vasvdr
on two disconnected circles results in a new fade), (since the negation,
that ‘there is a diagonal of the two circles which does create a new face’
(—=P), is false. This argument uses the law of excluded middleassical
logic, P v =P, i.e, =(=P) — P. According to this argument, the cylinder
is a global but not local counterexampldpha disagrees, arguing that if we
say thatP is true then we must be able to construct at least one instdrite
i.e, there must be an existential clause in the lemma. The statieiam face

13 Note that we would not claim that our model itself is surpdisgmply that the model can
identify those lemmas which cause surprise to humans, altidden assumptions within the
lemmas.
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is simply connected’ means ‘for all x, if x is diagonal then wt< the face
into two; and there is at least one x that is a diagon@lakatos, 1976, p. 45).
UnderAlphds interpretation, the cylindds a counterexample to this lemma,
as there are no diagonals on the circle. Therefore the @iigla local as
well as global counterexample, and the problem is no longase of hidden
lemma-incorporation.

Although it would be difficult to model the surprise that a hanrfeels
when they attempt to triangulate a circle, the emphasis ecnowsly true
statements gave us an insight into how to automate this metWe defined
the second type of surprise as follows:

e surprisingness (type 2): an entity which is a global counterexample
to a proposition is surprising with respect to one of the eonjres (or

lemmas)C = Yx(P(x) — Q(x)) in the proof of the proposition, if
—P(m).

Given a proof-scheme and an entitywhich is a global but not local coun-
terexample, our algorithm goes through each len@ni the proof-scheme.
If C; is of the formvx(P(x) —» Q(x)), and—P(m), then HRL performs two
steps:(i) it generates the conjectuf® = Vx(P(x) —» Q(X)) A P(m) (the
entity m is now a counterexample ©'), and(ii) it returnsC; as the hidden
faulty lemmaC, andC/ as the explicit lemma.

Multiple applications of lemma-incor poration

In the discussion of lemma-incorporation in (Lakatos, )9#tte method is
applied to the same conjecture (and proof) at least thresstithus enabling
the description of different types of lemma-incorporajionhis is like pre-

vious methods; one counterexample is found and dealt withtlagn more
counterexamples to the modified conjecture and proof arghtéoin HRL,

proof-schemes and conjectures are passed around and micifiediffer-

ent students may consider them, or the same student maydeomiferent

versions of a proof and conjecture at different times.

4.3. ALGORITHMS FOR LEMMA-INCORPORATION

We have interpreted Lakatos’s method of lemma-incorpamadis the series

of algorithms shown below. We defirfe ~~ Q to mean that it imearly true
thatP — Q,i.e, there are lots of supporting examples and few counterexam-
ples. We implemented these algorithms as a computer progrenteacher

in HRL is given a proof-scheme and conjectife— Q by the user, and
asks the students to use Lakatos’s methods to analyse lmathqmheme and
conjecture. Further technical details are given in (Pe23@7).

1. Determine which type of lemma-incorporation to perform. If there
are any counterexamples to the global conjecture, thethiée(i) these
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are also counterexamples to any of the lemmas in the prodii) dhere
is a counterexample to a local lemma, and there is a concdaphwiks
the local counterexample to the global counterexample laisdcconcept
appears in one of the local lemmas, then perfghaibal and local lemma-
incorporation If there is a global counterexample but neitki@mor (ii)
hold then performhidden lemma-incorporationOtherwise, if there are
counterexamples to any of the lemmas in the proof, then perfocal-
only lemma-incorporation

. Perform local-only lemma-incorporation. Given a conjecture to which

there are no known counterexamples, and a proof tree whictaios a
faulty lemma,P ~~ Q, to which there is at least one counterexample,
then if there is a concef in the theory which exactly covers the coun-
terexamples (or such a concept can be formed), then maketivemt

P A =C, replace the faulty lemma with the conjectufen —-C — Q,
and return the improved proof-scheme.

. Perform global and local lemma-incorporation. Given a proof-scheme

where there are counterexamples to the global conjecRire; Q, and
these counterexamples are also counterexamples to a lamtheaproof,

R ~ S; form the concep€ ‘objects which satisfy the faulty lemma’, by
merging the two conceptR and S (this is done by using a production
rule to composer and S), modify the global conjecture by making the
new conjectureC — Q, and replace the old global conjecture in the
proof-scheme with the modified version.

. Perform global-only lemma-incor por ation. Given a proof-scheme where

there are counterexamples to the global conjecture, baetbeunterex-
amples are not counterexamples to any of the lemmas in thod, @nod
none of the lemmas have counterexamples which are relathad gpobal
counterexamples; let the global conjecture be a near-cawpdin P ~~ Q.
Then go through the proof-scheme and take each lemma intastimg
each to see whether the global counterexample is surprisitige first
sense (type 1) with respect to the lemma. If it is, then rethismlemma
as the hidden faulty lemma and generate another conjetbundiich the
global counterexamplis a counterexample, as the explicit lemma. If not,
then go through the proof-scheme and take each lemma intasting
each to see whether the global counterexample is surpiisithg second
sense (type 2) with respect to the lemma. If so, then retusnléinma
as the hidden faulty lemma, and generate another conjedturghich
the global counterexample a counterexample, as the explicit lemma. If
an explicit lemma has been found, then generate an inteateedroof-
scheme in which the hidden faulty lemma is replaced by thdiaxp
lemma, perform global and local lemma incorporation on titerme-
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diate proof-scheme, and return the result. If no lemma ipriging in
either sense, then return the proof-scheme unchanged.

Working in the polyhedra domain, and given the proof treajecture and
counterexample as input, HRL has replicated all three ofitaKs types of
lemma-incorporation (Pease, 2007).

5. Connections between Haggith and L akatos

We outline some connections between Haggith's argumentatiructures
and Lakatos’s methods below, which have been suggested roywark in
producing a computational reading of Lakatos’s theory.doheexampleP
stands for the propositionvk(poly(x) — euler(x, 2))”, i.e, for all poly-
hedra, the number of vertices (V) minus the number of edgepl(is the
number of faces (F) is equal to two. Polyhedra for wh€k- E + F is 2 are
called Eulerian. Unless otherwise specified, page refeserefer to (Lakatos,
1976). In some examples we give alternative propositiongXowhich we
express af)’. We provide a diagram for each pattern where, again, unrdarke
arrows represent the justification relation between a mitipo and a set of
propositions. Given that Lakatos is commonly criticiseat @xample, Fefer-
man, 1978) for claiming that his methods have general agujdic despite
only considering two case studies, we suggest how each argupattern
might describe other mathematical examples.

Corroboration: (Figure 7)

Q: All polyhedra in which circuits and bounding circuits coide, are Eule-
rian (p. 114). This is reformulated again to:

Q’: If the circuit spaces and bounding circuit spaces coincitie, number
of dimensions of the 0-chain spaménusthe number of dimensions of the
1-chain spaceplusthe number of dimensions of the 2-chain spaqgaals2
(p. 116).

equiv
- Q
Figure 7. Corroboration / \ / \

This is a reformulation of a problem, where a proposit®ris reformu-
lated as propositior®, which is easier to prove. If a convincing proof Qf
can be found and it can be shown ti@ais equivalent toP, thenP has been
proved. This is a common mathematical technique. Lakattadcthis “the

P
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problem of translation” and devotes the second chapter akdtos, 1976)
to its description, discussion and accompanying problérhs.roots of this
method lie in Polya’s advice: “Could you restate the protte@ould you
restate it again?” (Polya, 1945). Analysis of the argument® and the
premises it contains suggests insights into the originabgsition P, i.e.,
ways in whichP, the concepts i or the argument foP should be modified.

The trivial case, in whichP is equivalent to itself, and multiple proofs
are given for the same theorem, is common in mathematicsinstance,
Pythagoras’s theorem is proved using similar trianglesalfgograms (by
Euclid), a trapezoid, similarity, by rearrangement, atgédally, with differ-
ential equations and using rational trigonometry. Exampliemathematical
statements which are equivalent includg: Pythagoras’s theorem and the
parallel postulate; an@i) Zorn’s lemma, the well-ordering theorem and the
axiom of choice. These examples are particularly intargstince the equiv-
alent statement t@, i.e.,, Q, is also a premise in the argument for That is,
Euclid’s proof of Pythagoras takes the parallel postulata premise, and the
proof of the well-ordering theorem uses the axiom of chofdéhough this
satisfies Haggith’s corroboration pattern it would cledxdycircular to argue,
for instance, that the argument for the well-ordering tbeocorroborates the
axiom of choice.

There are many examples in mathematics where the relaiphstween
P and Q is not equivalence, but the argument pattern is still relevior
instance, wher® is analogous to, similar to, weaker or more general than, or
implies Q. Proving special cases of a theorem can be seen as coriiagorat
the theorem: historically we see many examples, such asngréxermat’s
Last Theorem for specific values of(3,5,7), or for classes of humber (all
regular primes). This can also work the other way around,revaeproof of
a more general result is easier to find than the proof of theemspecific
version. For instance, Lagrange’s Theorem, that for anyefigioup G the
order (number of elements) of every subgroup H of G dividesotider of G,
is true under a suitable reformulation even for infinite gro & and H. In this
case the proof of the more general statement is simpler tpaocd that uses
induction over finite structures (some historical detaitsia Roth, 2001).

Enlargement (Figure 8)
Q: A polyhedron is a solid whose surface consists of polygéezes.
Q’: A polyhedron is a surface consisting of a system of polygons

elaboration
Q
Figure 8. Enlargement // \\ // \\

P
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Lakatos described both monster-barring, in which a narrefindion of a
concept in a conjecture or proposition is proposed in orextlude a coun-
terexample and thus defend the conjecture, and concepttstrg, in which
a wider definition of a concept which covers a counterexaraptbthus poses
problems for the conjecture is proposed. Both methods, iictwa concept
definition that was previously vague or controversial is enatbre explicit,
can be seen as examples of Haggithdargemenstructure. Arguments then
given forwhy a particular concept definition should be accepted comsstitu
the argument foQ. Lakatos demonstrated the intriguing situation in which
we have two enlargement arguments fér with conclusionsQ; and Qo,
whereQ; andQ, disagree. Thus, we might question whether the relationship
betweenP andQ is really an elaboration or not. We show this in Figure 9.

elaboration elaboration

SN N e
AVANRVAVA

Figure 9. Monster-barring and enlargement

In emphasising the role of the argument {@r Haggith stresses the need
for showing rather than stating th& elaborated?. This aspect is not always
made clear by Lakatos, who did not always clarify how one khaelect
between competing definitions (relying on the literary devof a teacher
to state a given definition as fact). This argumentationcsiine is similar
to Walton’s argumentation scheme fargument from verbal classification
(Walton, 2006, pp. 128-132). This is a scheme which takefotine “F (a),
vX(F (x) — G(x)), thereforeG(a)”, where the classifications andG may
be vague or highly subjective.

Other examples of monster-barring or concept-stretchmgnathemat-
ics include expanding the concept ‘number’ from natural hara to in-
clude zero, negatives, irrationals, imaginary numbeassfinite numbers and
quaternions; narrowing the concept of ‘set’ (by limitingettypes of sets
which can be constructed), Cantor's expansion of our nabibisize’ and
changing the definition of ‘prime number’ from ‘a natural nioen which is
only divisible by itself and 1’ to ‘a natural number with exlgctwo divi-
sors’, thus enabling many theorems about primes, where ldw@ave been
a counterexample (such as the Fundamental Theorem of Agiitynto be
neatly stated.

Consequence: (Figure 10)
Q: A star polyhedron is Eulerian (p. 16).
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N\
p

Figure 10. Consequence / \ / \

The propositionP, which states that foall polyhedraV — E + F is
2, is a premise (the sole premise) in any argumentQ@owhere Q is the
proposition tha — E + F is 2 for a particular type of polyhedron. Lakatos
used this argumentation structure to great advantage,ispahat analysing
propositions which are implied by a conjecture is a fruithiy of analysing
the conjecture itself. This pattern is similar to corrokimma, where there is
an implication relation betweeR and Q.

Wiles’s proof (with Taylor) for the statement that all rated semistable
elliptic curves are modularR) provides another example: this is famous
because, as Ribet proved, it implies Fermat's Last Theo®n Clearly,
proving a given relationship between two mathematicakstents is just as
important as the argument for one of them. Many examplesrofrias or
corollaries in mathematics fit this pattern.

Rebuttal: (Figure 11)
Q: Ix(poly(x) A —euler(x, 2)), or there is arx such thaix is a polyhedron
and it isnotthe case that the Euler characteristicxa$ 2.

disagree
- Q
Figure 11. Rebuttal / \/ \

An example is the cylinder (Lakatos, 1976, p. 22), for whith- E + F
is 1. This is a case of simple rebuttal. rebuttal without undercutting,
which Lakatos addressed in his method of hidden lemma-oozation. This
method demonstrates that it is possible in mathematicshiot iithout a
known undercutter. This view is discussed (and supporteéierdein (2005,
p. 298), who argues that the presence of a rebuttal &etence progirather
than a construction, for an undercutter.

Lakatos also describes how the method of hidden lemmagpocation
was used to fix Cauchy’s faulty conjecture that ‘the limit ofyaonvergent

P
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series of continuous functions is itself continuous’ (Lissa 1976, app. 1).
The counterexample, found by Fourier, is:

COSX— COS3X + 1COSHX — ...

which converges to the step function. The most interestspeet of this
example is the timing of various discoveries. Fourier ()8di8covered the
above series, and it waster this that Cauchy (1821) discovered the con-
jecture and proof. One solution to this awkward situatiors Weat the limit
function was actually continuous, and therefore it was nobanterexample
(Fourier held that it was continuous). However, Cauchy hadided a new
interpretation of continuity, according to which the limiisnot continuous
(the existence of Fourier's example was considered by sorbe evidence
that the new interpretation should be rejected). Anothessiade solution
was the argument that the series was not (pointwise) coemtrg@lthough
this view was not accepted by most mathematicians, inau@auchy, who
later proved that it did converge. There was then a long g#ip1847 when
Seidel found the hidden assumption of uniform convergencthé proof.
Indeed, it was Seidel who invented the method of proofs ahgaatons.
Lakatos thought that the main reason for such a long gap, lnavitling-
ness of mathematicians to ignore the contradiction, wasratgtment on the
part of mathematicians to Euclidean methodology. Dedacrgument was
considered infallible and therefore there was no place rfoofpanalysis.

A further example can be found in Hilber@rundlagen der Geometri¢
Theorem: For two points A and C there always exists at least one poim D o
the line AC that lies between A and C.

Proof: (paraphrased from Hilbert, 1901, p. 6, as a procedural proof

lemma 1:draw a line AC between the two points

lemma 2:mark a point E outside the line AC (axiom (1,3))

lemma 3:mark another point F such that F lies on AE and E is a point of the
segment AF (axiom (l1,2))

lemma 4:mark on FC a point G, that does not lie on the segment FC (axiom
(I1,2) and axiom (l1,3))

lemma 5:ithe line EG must then intersect the segment AC at a point Difaxi
(11,4))

This proof is accompanied by a diagram containing the hiddsamption
that the two points are different (as becomes obvious to hgméen they
try to draw the line which joins A and C). The counterexampmlmprises any
two points which are identicai,e., (a, a). With the proof phrased as above,

14 Since Lakatos described his method in terms of a proceduralfpwe paraphrase
Hilbert's proof as a procedural proof, from the deductivegfiwhich Hilbert gave. However,
it is worth noting that the method of lemma-incorporatiosoeapplies to declarative proofs,
which we demonstrate with respect to the first step of Hilb@roof.
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(a, a) is a global, but not local counterexample (note again thatytpe of
counterexample changes as we step through a proof: in tihalgioeorem
the counterexample ispoint, whereas in lemma one the counterexample is a
line). This example is interesting, since, in Hilbert's oridid@erman edition
of the Grundlagen in 1899, reprinted in (Hallett and Maj€Q4£), he does
not exclude this example: there is nothing in the axioms totkat a line
must join twodifferentpoints (the relevant axiom is (I,1), which states that
for every two points, A, B there exists a line that containsheaf the points.
The axiom does not specify that the points must be different) that a line
which intersects a segment AC must be strictly between tletpé and
C, etc. However, in later editions, Hilbert has amended foisinstance, at
the beginning of (Hilbert, 1901), which is a later, Englistiritslation, Hilbert
states that in all of the theorems, he assumes that whereyhdvea points,
they will be considered to be two distinct points (the retévamission in his
first work is Hallett and Majer, 2004, Chap 5, pp. 437-438)isTdxample
was highlighted by Meikle and Fleuriot's (2003) formalisat of (Hilbert,
1901).

Just as mathematical concepts, conjectures and proofst @onaoge fully
formed and perfect, neither does axiomatisation of mattiealadomains.
We believe that Lakatos’'s methods can be used to descriloenaiisation
development in the same way as they describe other matteaindévelop-
ment. Hilbert's axiomatisation of geometry shown here @hhitself built
on previous work, see Pieri's 1895, 1897-98) is one exanfaether is
the development of the axioms in set theory, where Fregeigpoehension
principle is modified to the axiom of subsets, in responsédédBurali-Forti,
Cantor and Russell paradoxes.

Note that the teacher and students in (Lakatos, 1976) camiid possi-
bility of an entity being a local only, global only, or a bothchl and global
counterexample. They do not consider that a problem eniiginve neither
global nor local, assuming that such entities are positkegples of the
theorem and proof, and therefore support rather than aittaidiowever, the
admission that lemmas in the proof may contain hidden assonspwhich
mean that an entity satisfies the lemma, albeit in a surgrisiay, raises the
question of whether there could be an entity which satisfiesgtobal con-
jecture in the same way, thus uncovering a hidden assumistitire global
conjecture itself.

Undermining: (Figure 12)
Q: A polyhedron is a solid whose surface consists of polygéezgs.
R: A polyhedron is a surface consisting of a system of polygons
An example argument of this type is the dialectic over riveimitions in
Lakatos's monster-barring method (for further mathenahtéexamples, see
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equiv/elaborate disagree
P Q R
Figure 12. Undermining / \/ \

the section on enlargement.)

Undercutting: (Figure 13)
Po: any polyhedron, after having a face removed, can be stdtfiat on the
blackboard.
Q: after removing a face from the hollow cube we cannot strititht on the
blackboard.

Alternatively, let
Po: dropping a triangle from a triangulated map always regualtsither the
disappearance of one edge or else of two edges and a vertex.
Q: we can drop a triangle from the triangulated map which tedubm re-
moving a face from the cube and stretching it flat on the blaakth, without
it resulting in either the disappearance of one edge or élseocedges and a

vertex.
P
/\ disagree
PO<—> Q
Figure 13. Undercutting / \ / \

This is the earliest argumentation structure to be foundakétos, 1976),
where the three steps (or premises) of Cauchy’s proof arguastioned
on p. 8. The questions are later supported by counterexamiiete that
Lakatos's method of global and local lemma-incorporat®@a combination
of rebuttal and undercutting, and his local-only lemmasiporation is just
undercutting. Global only, or hidden lemma-incorporatigfust rebuttal (as
discussed above).

Set theory provides further examples of local-only lemmasrporation.
For instance, Cantor’s initial proof that the segment aedstjuare are equiv-
alent sets of points contained the premise that there is &more onto
mapping:f {(x,y) x € (0,1],y € (0, 1]} — (0, 1]. Cantor identifies such
a mapping: le(x, y) be co-ordinates of an arbitrary point in the unit square,
wherex = 0.X1X2X3..., andy = 0.y;Y»¥s.... Then they uniquely determine
the point or the unit segment= 0.X;y1X2Y2X3Y3.... Conversely, every point
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in the unit segment can be expressed as an infinite decimiak bhe an ar-
bitrary point in the unit segment, where= z,7,737,757s... Then this point
uniquely determines two co-ordinates= z,73zs... andy = 2,247¢... which
determines the poini{x, y) of the unit square. Note that Cantor specified that
where a number has two decimal expansions, for example 9922999...

or 0.230000000, the expansions ending in an infinite set miszehould
be ruled out (so the real number 23/100 is identified as 0229999...).
Dedekind (at Cantor’s request) checked this proof and fdoaodl (but not
global) counterexamples. While to eath y) there corresponds a singte
there exist values df that arise from ndx, y) in the above procedure. One
such counterexample rs= 0.13050706080. which yieldsx = 0.1; another
counterexample ig = 0.513020109090. which yieldsy = 0.1. In these
cases neithex nory is written in admissible decimal form, and if the trailing
zeros are replaced by nines then the infinite decimal forrs doecorrespond

to the specified number. The proof was then patched so that, instead of
considering single digits, groups of digits are considesech that only the
last digit of a group differs from 0; so for exampe=0.1 2 05 0004 2 01 8...
would yieldx = 0.10528.. andy = 0.2000401. (Burton, 1985, pp. 607—
608).

Target: (Figure 14)
Q: IX(poly(x) A —euler(x, 2)); in particular, the hollow cube has this prop-
erty, sinceV — E + F is 4.
R: For all polyhedra that have no cavitieé,— E + F is 2.
or,
R:V—E+F = 2-2(n—1)+X]_, &, for n-spheroid — on-tuply connected
— polyhedra withex edges deleted without reduction in the number of faces
(p. 79).

A
FAVA

Lakatos's exception-barring methods fit this pattern, wheeicounterex-
ample is found and used, along with other premises, to mdeljfjust pro-
ducingR;. Another, later example B, (p. 79), where many counterexamples
have been found and a general repRir,has been found which explains all
of the positive and negative examples. Lakatos called tiesproblem of
content, which deals with the problem that with every repghie domain of
application of the conjecture (originally all polyhedradahen all polyhedra
of an increasingly narrow type) has narrowed to the stageemie conjec-
ture is no longer very interesting. Thus, mathematiciansewstriving for

Figure 14. Target

disagree
P 9
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truth at the expense of content” (p. 66). In this case, Laksiggested (again
building on work by Polya, 1945) distinguishing an initiabplem in which
a question is raised, from an initial conjecture which pasdisst answer to
the initial problem. If this answer is refined almost to thénpof a tautology
(approaching the ‘conjecture’ that any Eulerian polyhedsoEulerian) then
it may be preferable to return to the initial problem and paxsether answer.

Historical conjectures about perfect numbers provide amgste in num-
ber theory. For instance, using the (scientific) inductigrienent that because
the first four perfect numbers, 6, 28, 496 and 8128 each comt#igits, it was
conjectured that theth perfect numbeP, contains exactly digits (P). The
fifth perfect number, 33,550,336, provides a counterexar((), the discov-
ery of which led to the new conjecture that perfect numbeds aternately
in 6 and 8 R). Again, the argument pattern repeated itself with thealiscy
of the sixth perfect number, 8,589,869,056, which is a cenexample taR.
This led to further statements and arguments, includinghitberem that the
last digit of any even perfect number must be 6 or 8 and thenjog@njecture
that all perfect numbers are even.

Counter-consequence: (Figure 15)

Q: ~3Ix(poly(x) A —euler(x, 2)).

R: 3Ix(poly(x) A —euler(x, 2)); in particular, the twin tetrahedra polyhedron
has this property, since it has an Euler characteristic pf 3%).

S: for any polyhedron that has no ‘multiple structure’— E + F = 2.

N\
AVA

disagree

Q<—>

/N

Figure 15. Counter-consequencZ \P

This is very similar to théargetstructure described above. Again, Lakatos’s
exception-barring methods present an example of this tygéucture. The
perfect number examples described above also fit this pather exam-
ples of monster-adjusting seem rare in mathematics. Haywexee can see
monster-adjusting as a type of monster-barring, wheredheapt in question
may be the right hand concept in an implication or equivadetmnjecture,
rather than the domain. Let us formalise monster-barrinfpb@wvs: from
conjecturevx(P(x) — Q(x)), and (known) counterexampla such that
P(m) and —Q(m), (re)define eitheP or Q so that for them in question,
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either—P(m) or Q(m) is true. Monster-adjusting can now be seen as a case
of this formalisation, where the concept under debat@ rsther thanP.

It is interesting that the structures which Haggith has fified can be
used to express most of Lakatos’'s methods. A method whiclkdéa been
neglected is monster-adjusting. As with monster-barrthgs method also
exploits ambiguity in concepts, but reinterprets an olijestich a way that it
is no longer a counterexample. The example in (Lakatos, ) l&f#tcerns the
star polyhedron. This entity is raised as a counterexanmipbe sit is claimed,
it has 12 faces, 12 vertices and 30 edges (where a single asmen as a
star polygon), and thug — E + F is —6. This is contested, and it is argued
that it has 60 faces, 32 vertices and 90 edges (where a sauged seen as a
triangle), and thuy — E + F is 2. The argument then turns to the definition
of ‘face’. A new structure which corresponds to this methddhmhlook like
the one shown in Figure 16, where:

Q: Ix(poly(x) A —euler(x, 2)); in particular, the star polyhedron has this
property, since/ — E + F is —6 (p. 16).

R: The star polyhedron has 12 (pentagonal) faces. (Otherigesnin the
argument forQ are that the star polyhedron has 12 vertices and 30 edges.)
S: The star polyhedron has 60 (triangular) faces (p. 31).

disagree
P<-——> Q
R

Figure 16. A new argumentation structure for monster-adjusting

disagree

- S

5.1. MUTUALLY BENEFICIAL ASSOCIATIONS BETWEEN LAKATOS AND
HAGGITH

Using Haggith’swork to extend L akatos stheory

One shortcoming of Lakatos’s representation of an initralofy as a list of
lemmas, or conjectures, is that it fails to show how the adojes in the
proof fit together. In both of his case studies, the proof mresented by
Lakatos as a series of local conjectures which, taken tegetmply the
global conjecture. In Haggith’s notation, this would be gimwritten as
A = {C < {P1, P2, P3}}. This prevents the expression of any dependencies
between the conjectures and thus would be an extreme oaifttation of
most mathematical proofs, even at an initial stage. Usinggitla’s notation
makes explicit, rather than hides, the structure of a ptf®eéing how a proof
fits together may make it easier to identify flaws and theintsoh.
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Using L akatos'swork to extend Haggith’stheory

Using Lakatos’s case studies, we have shown that Haggithisnaentation
structures, which were inspired by the need to represefetr€lift perspectives
in natural resource management, can be usefully appliedathematical
examples. This is a new domain for Haggith, and thus suppmtsclaim
that the structures are of general use.

Combining Lakatos’s conjecture-based and Haggith's sibjpn-based
representations has the advantage of highlighting wealsanea proof. This
might be in the relationships between sets of conjectures) as justifica-
tion or elaboration, or in the claims asserted by the coujest Propositions
are no longer black boxes, thus enabling new areas for flavie titound
and repaired. Lakatos’s methods, for example his “problénontent”, also
consider the interestingness of a proposition.

Lakatos’s methods suggest new structures for Haggithoéitth she made
no claim to have identified all structures, adding new exas\pb the cata-
logue is a valuable contribution to Haggith’s work.

6. Conclusion

Many argumentation theorists have assumed, either irtiplici explicitly,
that mathematics is about formal reasoning and is therefotea suitable
domain for argumentation. We hope that the ideas in thispapaddition
to other work such as (Aberdein, 2005), will show that thisuasption is
not justified and that mathematics is a rich and fertile donfar infor-
mal reasoning techniques. In accordance with the computdtphilosophy
paradigm, we believe that implementing Lakatos’s theosygravided a new
perspective on it. One insight is discovering the utiliaojumentation struc-
tures for proof-schemes, which has allowed us to represent,tas well as
suggesting ways in which Lakatos’s methods for repairingtyeconjectures
and proofs can be implemented within our model. Thus, thege® of pro-
ducing computational models of theories can both suggeabsteaploit new
connections.

Just as Lakatos suggested that embedding a conjecturefferaili body
of knowledge can lead to further insights into the conjestso we can see
the value of embedding philosophy of mathematics in arguatiem theory
and vice versa. These two normally unconnected domainsrhaeh to offer
each other. The computational modelling domain adds adudimension of
interest and will play an essential role in making thesegotng connections
richly detailed and explicit.
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