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 Abst r act .   Recent  account s of  t he r ol e of  di agr ams i n 

mat hemat i cal  r easoni ng t ake a Pl at oni c  l i ne,  accor di ng t o whi ch t he 

pr oof  depends on t he s i mi l ar i t y  bet ween t he per cei ved shape of  t he 

di agr am and t he shape of  t he abst r act  obj ect .   Thi s  appr oach i s  unabl e 

t o expl ai n pr oof s  whi ch shar e t he same di agr am i n spi t e of  dr awi ng 

concl us i ons about  different f i gur es.   Saccher i Õs use of  t he bi -

r ect angul ar  i soscel es quadr i l at er al  i n Euclides Vindicatus pr ov i des 

t hr ee such pr oof s .  By f or sak i ng abst r act  obj ect s  i t  i s  poss i bl e t o gi ve 

a nat ur al  expl anat i on of  Saccher i Õs pr oof s  as wel l  as s t andar d 

geomet r i c  pr oof s  and even number - t heor et i c  pr oof s .  

 
 Keywor ds:   Di agr am,  pr oof ,  ant i - pl at oni sm,  mat hemat i cal  r easoni ng 

 

 ¤0.   I nt r oduct i on.   Pl at oÕs doct r i ne t hat  mat hemat i cal  

i nvest i gat i on by means of  i mages f al l s  shor t  of  r eal i t y  has sur v i ved 

t wo mi l l enni a ( cf.  Rep.  510- b) .   Tennant  1986 i s  t ypi cal .    

[ The di agr am]  i s  onl y  an heur i s t i c  t o pr ompt  cer t ai n t r ai ns of  

i nf er ence;  . . .  i t  i s  di spensabl e as a pr oof - t heor et i c  dev i ce;  . . .  

i ndeed,  . . .  i t  has no pr oper  pl ace i n t he pr oof  as such.   For  t he 

pr oof  i s  a synt act i c  obj ect  consi s t i ng onl y  of  sent ences ar r anged 

i n a f i ni t e,  i nspect abl e ar r ay.  ( 304)    

But  l at el y  t he f or mal i s t  cr eed has been chal l enged by mor e char i t abl e 

appr ai sal s  of  di agr ammat i c  r easoni ng ( e. g. ,  Gi aqui nt o 1992,  1994;  Br own 

1997,  1999;  Lomas 2002) .   Thi s  chal l enge i s  war r ant ed by t he hi s t or i cal  

i mpor t ance of  di agr ams.   Di agr ams wer e essent i al  t o mat hemat i cal  

r easoni ng at  l east  unt i l  t he f l our i shi ng of  al gebr a i n t he 17t h and 
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18t h cent ur i es.   To deny t hat  t hey pl ay an essent i al  r ol e i n pr oof  i s  

t o di spar age t he met hods and r esul t s  upon whi ch pr esent  day mat hemat i cs 

r est s .   Mor eover ,  t he f or mal i s t  concept i on of  pr oof  ar ose onl y  after 

mat hemat i c i ans devel oped t he not i on of  abst r act  s t r uct ur e i n t he 19t h 

cent ur y  ( c f .  Muel l er  1969,  298- 9;  Nagel  1979) ;  and onl y  at  that t i me 

wer e ax i oms ( such as PaschÕs)  ar t i cul at ed i n or der  t hat  r esul t s  whi ch 

depended pr ev i ous l y  upon a di agr am coul d be pr oved by a f i ni t e,  

i nspect abl e ar r ay of  sent ences.   Di agr ams ar e,  as wel l ,  s t i l l  i mpor t ant  

i n mat hemat i cs educat i on.   Pl ai nl y  t he movement  t o accor d di agr ams a 

subst ant i al  r ol e i n mat hemat i cs i s  cr uc i al  t o a phi l osophy of  real 

mat hemat i cs.  

 Thus f ar ,  phi l osophi cal  account s of  di agr ams have pr oceeded al ong 

Pl at oni s t  l i nes:  Di agr ams ar e a mor e or  l ess r el i abl e means of  l ear ni ng 

about  obj ect s  out s i de t he causal  nexus.   Br own i s  unabashedl y  

Pl at oni s t .   He asser t s  t hat  i n a wi de var i et y  of  cases a good di agr am 

wor ks by bei ng i somor phi c  to the situation it represents ( 1999,  38) .   

And i n t hose cases f or  whi ch t her e i s  no i somor phi sm Ð cases i n whi ch 

pi c t ur es ar e not  r eal l y  pi c t ur es Ð di agr ams st i l l  f unct i on as Òwi ndows 

t o Pl at oÕs heavenÓ ( 39) .   Thus,  f or  Br own,  di agr ams pr ov i de access t o 

abst r act  obj ect s .   Accor di ng t o Lomas,   

[ T] he per cept i on of  shape pr oper t i es of  concr et e di agr ams i s  a 

surrogate f or  consc i ous awar eness of  shape pr oper t i es of  abst r act  

geomet r i c  obj ect s  depi c t ed i n t he di agr ams.   ( 210,  hi s  i t al i cs)  

Her e t oo di agr ams ar e,  i n v i r t ue of  t hei r  per cept ual  pr oper t i es,  

assumed t o poi nt  beyond t hemsel ves t o abst r act  obj ect s .   Gi aqui nt oÕs 

di scuss i on of  t he di agr am i n Pl at oÕs Meno ( 82bf f . )  makes a s i mi l ar  

poi nt :   I t  r equi r es t hat  t he i nexact  di agr am be seen as an exact  one 

( 1993,  90) .   The subsequent  anal ys i s  of  seei ng as pr oposes t hat  
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[ The di agr am]  must  l ook s i mi l ar  t o somet hi ng whi ch appear s 

exact l y  squar e.   Seei ng t he di agr am as a squar e i nvol ves bot h 

seei ng i t  and obser v i ng t hi s  s i mi l ar i t y  of  appear ance.  ( i bi d. )  

Thi s  comment  neednÕt  i mpl y  Pl at oni sm,  as an empi r i cal l y  admi ss i bl e 

account  of  Òappear i ng exact l y  squar eÓ i s  not  out  of  t he quest i on.   

Gi aqui nt o doesnÕt  pr ov i de one,  however ,  and heÕs appar ent l y  not  

i nc l i ned i n t hat  di r ect i on because he wr i t es t hat  mat hemat i cs i s  f or  

Òget t i ng i nf or mat i on about  t hi ngs t hat  [ ar e]  not  bef or e oneÕs eyesÓ 

( 95) .    

 I t Õs no acc i dent  t hat  Pl at o used a mat hemat i cal  di agr am as hi s  

par adi gm case of  wor l dl y  obj ect s  t hat  enabl e one t o r ecol l ect  t he 

r eal i t i es  whi ch t hey r esembl e;  t he anal ys i s  of  di agr ammat i c  r easoni ng 

al ong Pl at oni s t i c  l i nes i s  per f ect l y  nat ur al .   But  t he appeal  t o 

abst r act  obj ect s  pr esent s speci al  pr obl ems f or  an account  of  

di agr ammat i c  r easoni ng,  pr obl ems i n addi t i on t o t he usual  compl ai nt s  

about  epi s t emi c access t o abst r act  obj ect s .   For  t he per cept ual  

pr oper t i es of  di agr ams ar e t hemsel ves i nsuf f i c i ent  t o account  f or  a 

cer t ai n var i et y  i n t he r esul t s  of  di agr ammat i c  r easoni ng,  v i z . ,  pr oof s  

whi ch shar e t he same di agr am i n spi t e of  t he f act  t hat  t hei r  

conc l us i ons concer n f i gur es whi ch ar e i ncompat i bl e wi t h one anot her .  

 ¤1 pr esent s such a case,  Saccher i Õs use of  t he bi - r ect angul ar ,  

i soscel es quadr i l at er al  ( c f .  appendi x ;  Saccher i  1920;  Sher r y  1999) .   

Pl at oni c  account s of  di agr ammat i c  r easoni ng,  whi ch depend on a 

s i mi l ar i t y  bet ween t he per cei ved shape of  t he di agr am and t he shape of  

t he abst r act  obj ect ,  cannot  expl ai n Saccher i Õs use of  t he same di agr am 

i n pr ov i ng t heor ems about  r adi cal l y  i ncompat i bl e f i gur es.   For t unat el y ,  

t her e i s  no need t o appeal  t o abst r act  obj ect s  i n or der  t o gi ve an 

account  of  t he r ol e of  di agr ams i n mat hemat i cal  ar gument .   I n 

expl ai ni ng how such r easoni ng i s  poss i bl e ¤2 pr esent s an account  of  
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di agr ammat i c  r easoni ng t hat  makes no use of  abst r act  obj ect s .  I nst ead 

t he account  i s  bui l t  f r om an anal ys i s  of  t he manner  i n whi ch 

mat hemat i cs i s  appl i ed t o concr et e obj ect s .   Bot h t he usual  pr obl ems 

wi t h abst r act  obj ect s  and t he speci al  one j ust  ment i oned ar e avoi ded i n 

t he al t er nat i ve I Õm pr oposi ng.   Fi nal l y ,  ¤3 shows t hat  t hi s  anal ys i s  

can be ext ended t o di agr ammat i c  r easoni ng out s i de of  geomet r y ,  i n 

par t i cul ar  t o t he number  t heor et i c  pr oof s  whi ch l ead Br own t o pr opose 

t hat  some di agr ams ar e best  under st ood as wi ndows t o Pl at oÕs heaven.    

 ¤1.   The Lesson of  Saccher i Õs Quadr i l at er al .   I n t he 18t h cent ur y  

Saccher i  t r i ed t o demonst r at e t hat  Eucl i dÕs par al l el  post ul at e i s  a 

l ogi cal  consequence of  hi s  f i r s t  f our  post ul at es.   Hi s  pr oof s  empl oyed 

a f i gur e ( f i g.  1)  known as Òa Saccher i  quadr i l at er al , Ó a bi -

r ect angul ar ,  i soscel es quadr i l at er al .    

 

[ [ I NSERT I MAGE Sher ry Fi g1.e ps ]]  

f i g.  1 

Saccher i  began f r om t he i ns i ght  t hat  t he par al l el  post ul at e and i t s  

cont r ar i es ar e equi val ent  t o hypot heses about  t he summi t  angl es ( ! C and 

! D)  of  a Saccher i  quadr i l at er al .   

Hypot hesi s  of  t he Ri ght  Angl e ( HRA) :   The summi t  angl es of  

a Saccher i  quadr i l at er al  ar e r i ght  angl es.   ( HRA i s  

equi val ent  t o Eucl i dÕs f i f t h post ul at e. )    

Hypot hesi s  of  t he Obt use Angl e ( HOA) :   The summi t  angl es of  a 

Saccher i  quadr i l at er al  ar e obt use angl es.   

Hypot hesi s  of  t he Acut e Angl e ( HAA) :   The summi t  angl es of  a 

Saccher i  quadr i l at er al  ar e acut e angl es.    

Us i ng s t andar d Eucl i dean met hodol ogy Ð set t i ng out  a di agr am,  addi ng 

aux i l i ar y  const r uct i ons and t hen r easoni ng about  el ement s of  t he 

augment ed di agr am Ð Saccher i  hoped t o show t hat  t he cont r ar y  
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hypot heses,  i n conj unct i on wi t h Eucl i dÕs f i r s t  f our  post ul at es,  each 

ent ai l  HRA.   He was successf ul  wi t h HOA ( Pr op.  14)  but  abl e t o der i ve 

onl y  s t r ange r esul t s  f r om HAA,  r esul t s  t hat  ant i c i pat e f undament al  

t heor ems of  hyper bol i c  geomet r y . 1    

 Remar kabl y ,  Saccher i  used t he same di agr am i n pr ov i ng t heor ems 

about  each of  t hr ee f i gur es:  a Saccher i  quadr i l at er al  whose summi t  

angl es ar e r i ght ,  a Saccher i  quadr i l at er al  whose summi t  angl es ar e 

obt use and a Saccher i  quadr i l at er al  whose summi t  angl es ar e acut e.   

Us i ng i n each case t he same di agr am of  a bi - r ect angul ar  i soscel es 

quadr i l at er al ,  Saccher i  pr oved t hat   

The summi t  l i ne CD of  a Saccher i  quadr i l at er al  whose summi t  

angl es ar e r i ght  i s  equal  t o t he base AB.  

The summi t  l i ne CD of  a Saccher i  quadr i l at er al  whose summi t  

angl es ar e obt use i s  l ess t han t he base AB.   

The summi t  l i ne CD of  a Saccher i  quadr i l at er al  whose summi t  

angl es ar e acut e i s  gr eat er  t han t he base AB.  

The cases empl oy di f f er ent  aux i l i ar y  const r uct i ons,  but  each of  t he 

aux i l i ar i es i s  poss i bl e no mat t er  what  t he magni t ude of  t he summi t  

angl es.   Thi s  s t r at egy t ur ns out  not  t o be a speci al  case but  onl y  an 

especi al l y  power f ul  i l l us t r at i on of  t he s t andar d use of  di agr ams i n 

geomet r i cal  r easoni ng.    

 How,  t hen,  can t he di agr am do t r i pl e dut y?  The answer  t o t hi s  

quest i on depends on bot h t he per cept ual  ambi gui t y  of  t he di agr am and 

t he manner  i n whi ch i t  i s  act ual l y  used i n t he ar gument .   The ambiguity 

of  Saccher i Õs di agr am f ol l ows f r om i t s  bei ng an empi r i cal  obj ect .   As 

l ong as t he di agr am i s  const r uct ed by r ul er  and compass wi t h r easonabl e 

car e,  any r esul t  of  measur i ng t he summi t  angl es coul d count  equal l y  as 

an i nst ance of  a r i ght ,  an obt use,  or  an acut e angl e.   Empi r i cal  

1 HOA i s  consi s t ent  and y i el ds an el l i pt i c  geomet r y  provided one dr ops 
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pr edi cat es,  by t hei r  nat ur e,  admi t  bor der l i ne cases,  and an angl e t hat  

measur es 90±n degr ees ( cont ext  det er mi nes n)  i s  a bor der l i ne case of  an 

angl e t hat  i s  r i ght ,  but  al so a bor der l i ne case of  an angl e t hat  i s  

s l i ght l y  obt use and a bor der l i ne case of  an angl e t hat  i s  s l i ght l y  

acut e.   Thi s  i s  not  t o suggest  t hat  measur ement  or  car ef ul  

const r uct i on,  ar e i mpor t ant  t o t he use Saccher i  makes of  hi s  di agr am.   

We shal l  see t hat ,  on t he cont r ar y ,  mor e sophi s t i cat ed empi r i cal  

obser vat i ons,  such as measur ement ,  pl ay no r ol e i n di agr ammat i c  

r easoni ng Ð even i f  t hey can be usef ul  f or  suggest i ng t heor ems.    

 The ambi gui t y  i n t he magni t ude of  t he summi t  angl es of  a Saccher i  

quadr i l at er al  pr esent ed no i mpedi ment  t o hi s  r easoni ng by means of  t he 

di agr am.   But  t he ease wi t h whi ch Saccher i  put  hi s  di agr am t o r adi cal l y  

di f f er ent  uses i s  an anomal y f or  any at t empt  t o under st and di agr ammat i c  

r easoni ng i n t er ms of  our  per cept i on of  t he di agr am and t he capaci t y  of  

t hat  per cept i on t o pr ov i de access t o abst r act  obj ect s .   For  an 

ambi guous empi r i cal  obj ect  canÕt ,  on i t s  own,  expl ai n how i n one case 

i t  pr ov i des access t o,  say,  a Saccher i  quadr i l at er al  wi t h r i ght  summi t  

angl es,  whi l e i n anot her  case i t  pr ov i des access t o a Saccher i  

quadr i l at er al  wi t h acut e summi t  angl es.   The per cept ual  char act er i s t i cs  

of  an ambi guous di agr am may pr ov i de topological i nf or mat i on ( e. g. ,  

i nf or mat i on about  i nc i dence or  bet weeness) ,  but  not  t he metric 

i nf or mat i on t hat  i s  necessar y f or  Saccher i  t o compl et e hi s  di f f er ent  

demonst r at i ons ( e. g. ,  i nf or mat i on about  t he magni t ude of  angl es and 

l i nes) . 2  Some t hi ng or  act i v i t y  besides t he di agr am seems necessar y t o 

connect  Saccher i Õs di agr am wi t h i t s  appr opr i at e Pl at oni c  count er par t .   

                                                                         
Euc l i dÕs second post ul at e t hat  a l i ne may be ext ended i ndef i ni t el y .  
2 Not  al l  t opol ogi cal  f eat ur es need be exhi bi t ed by t he di agr am.   For  
i nst ance,  gaps i n t he l i nes or  cor ner s of  t he di agr am wi l l  not  af f ect  
t he pr oof  even t hough cont i nui t y  i s  a t opol ogi cal  char act er i s t i c  of  t he 
f i gur e.  
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Once t he ext r a el ement  has been made expl i c i t ,  I  bel i eve,  t he Pl at oni c  

count er par t  wi l l  be seen t o be unnecessar y.        

 Bef or e di scuss i ng what  el se i s  necessar y f or  t he di agr am i n 

Saccher i Õs pr oof  t o per f or m i t s  f unct i on,  i t Õs wor t h consi der i ng an 

obj ect i on t o t he c l ai m t hat  per cept i on does not  cont ai n t he r esour ces 

by whi ch a s i ngl e di agr am pr ov i des access t o mul t i pl e obj ect s .   Our  

exper i ence i nc l udes di agr ams t hat  can be per cei ved i n mor e t han one 

way.   For  exampl e,  f i g.  2 

 

[ [ I NSERT I MAGE Sher ry Fi g2.t if f] ]  

 

f i g.  2 

can be per cei ved as bot h a duck and a r abbi t .   By anal ogy,  shoul dnÕt  i t  

be poss i bl e t o per cei ve Saccher i Õs di agr am i n some c i r cumst ances as a 

f i gur e wi t h r i ght  summi t  angl es and ot her  t i mes as a f i gur e wi t h acut e 

or  obt use summi t  angl es?  Such ambi gui t y  i n per cept i on i s  undeni abl e,  

but  i t Õs not ,  i n my exper i ence,  what  happens as peopl e wor k t hei r  way 

t hr ough Saccher i Õs pr oof s .   I Õve pr esent ed t hese pr oof s  sever al  t i mes 

and f r equent l y  peopl e wi l l  say t hey have t r oubl e wi t h t he pr oof s  

because t hey can see t he summi t  angl es only as r i ght  angl es.   But  never  

has anyone r epor t ed t he aspect  change char act er i s t i c  of  t he duck-

r abbi t .   Mor e gener al l y ,  aspect  change i nvol ves a shi f t  bet ween 

r adi cal l y  di f f er ent  per cept i ons,  r at her  t han a shi f t  bet ween pr oper t i es 

t hat  shar e bor der l i ne cases.   We shal l  see at  t he c l ose of  ¤2 t hat  

per cept i on i s  i nvol ved i n Saccher i Õs pr oof ,  but  not  t he per cept i on of  

t he magni t ude of  t he summi t  angl es.   The summi t  angl es ar e per cei ved 

ei t her  as hav i ng no par t i cul ar  magni t ude,  or  t hey ar e per cei ved as 

r i ght  angl es and t he r easoner  s i mpl y  put s  t hi s  per cept ual  i nf or mat i on 
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as i de whi l e pr oceedi ng wi t h t he pr oof .   That  i s ,  Saccher i Õs pr oof s  

succeed i n spi t e of  t he r ect angul ar  appear ance of  t he di agr am.      

¤2.   The Possi bi l i t y  of  Saccher i Õs Pr oof s .   Per f ect l y  or di nar y 

means suf f i ce t o put  t he same quadr i l at er al  t o use i n pr oof s  about  

quadr i l at er al s  wi t h di f f er ent  summi t  angl es.   I t  t akes onl y  t he 

s t andar d pr act i ce of  l et t i ng a di agr am be a " ,  wher e "  i s  some 

appr opr i at e mat hemat i cal  concept .   Thus,  Saccher i Õs pl oy i s  no mor e 

r emar kabl e t han t he pedest r i an pr act i ce of ,  say,  l et t i ng ABC ( f i g.  3)  

be an i soscel es t r i angl e Ð somet hi ng we can do even i f  i t s  s i des appear  

unequal .  

 

[ [ I NSERT I MAGE Sher ry Fi g3.e ps ]]  

 

f i g.  3 

 A poor  di agr am does not  gener al l y  af f ect  pr oof s  i n whi ch i t  

occur s,  even i f  i t  may af f ect  our  success at  guess i ng t heor ems.   For  

exampl e,  a di agr am of  a t r i angl e wi t h s i des of  di s t i nct l y  di f f er ent  

l engt hs and a r ay t hat  makes a di s t i nct l y  obl i que angl e wi t h t he base 

( f i g.  4)  does not  af f ect  a pr oof 3 t hat  t he bi sect or  of  t he summi t  angl e 

of  an i soscel es t r i angl e i s  t he per pendi cul ar  bi sect or  of  t he base.  

 

[ [ I NSERT I MAGE Sher ry Fi g4.e ps ]]  

 

f i g.  4 

Let  ABC be an i soscel es t r i angl e wi t h AC=BC and l et  CD bi sect  

! ACB.   Si nce CD bi sect s  ! ACB,  ! ACD=! DCB.   Fur t her ,  s i nce AC=BC 

and CD=CD,  #ACD$#BCD ( s i de- angl e- s i de) .   But  t hen AD=DB and 

3 I Õm us i ng Òpr oof Ó i n t he sense i n whi ch mat hemat i c i ans use i t  i n t hei r  
day- t o- day wor k.  



 9 

! ADC=! BDC;  and s i nce ! ADC and ! BDC ar e equal  and adj acent ,  t hey 

ar e r i ght .   Ther ef or e,  CD i s  t he per pendi cul ar  bi sect or  of  AB.  

Appar ent l y ,  t he t heor em does not  r esul t  f r om inspecting a l ess t han 

exact  di agr am,  s i nce t he des i r ed r esul t  i s  nowher e t o be seen.   Yet  t he 

di agr am i s  not  merely an heur i s t i c  dev i ce her e.   I t Õs necessar y,  f or  

exampl e,  i n l ocat i ng t he bi sect or  of  t he summi t  angl e as i nt er sect i ng 

t he opposi t e s i de ( a t i dbi t  of  t opol ogi cal  i nf or mat i on) ;  i ndeed,  

ex i s t ence asser t i ons and r el at i ons of  i nc i dence ar e often j us t i f i ed by 

a di agr am ( c f .  Gr eaves 2002,  20) .   I n sui t abl e c i r cumst ances one mi ght  

r ej ect  t hi s  pr oof  as t oo i nf or mal ,  but  no one woul d r ej ect  i t  s i mpl y  

because t he di agr am f ai l s  t o sat i s f y  t he condi t i ons of  t he t heor em.   To 

see why t hi s  i s  so,  i t Õs necessar y t o l ook mor e c l osel y  at  t he act i v i t y  

of  l et t i ng a di agr am be " .      

Let t i ng a di agr am be "  i s  t he consc i ous act i v i t y  of  a subj ect ,  

not  t he causal  r esul t  of  a subj ect Õs seei ng a di agr am and obser v i ng t he 

s i mi l ar i t y  of  appear ance bet ween t he di agr am and somet hi ng whi ch 

appear s exact l y  " .   Si nce aut hor s concer ned wi t h di agr ams of t en di scuss 

t hem i n t he cont ext  of  t he geomet r i cal  demonst r at i on i n Pl at oÕs Meno,  

i t  wi l l  be i nst r uct i ve t o use t hi s  exampl e t o i l l us t r at e t he subj ect Õs 

consc i ous act i v i t y .    

Socr at es begi ns t he demonst r at i on by dr awi ng a f i gur e ( f i g.  5) .  

 

[ [ I NSERT I MAGE Sher ry Fi g5.e ps ]]  

 

f i g.  5 

Tel l  me,  boy,  do you know t hat  a f i gur e l i ke t hi s  i s  a squar e? 

The boy r epl i ed,  I  do.  

And do you know t hat  a squar e f i gur e has t hese f our  l i nes [ t he 

s i des]  equal ? 
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Cer t ai nl y .  

And t hese l i nes whi ch I  have dr awn t hr ough t he mi ddl e of  t he 

squar e ar e al so equal ? 

Yes.   ( 82bÐc)  

Socr at esÕ quest i ons ar e not  merely ai med at  f i ndi ng out  how hi s  dr awi ng 

l ooks t o t he s l ave,  f or  t her eÕs not hi ng i n t he s l aveÕs r esponses t o 

i ndi cat e t hat  he i s  r epor t i ng what  he obser ves.   Otherwise he mi ght  

have s t opped t o scr ut i ni ze el ement s of  t he f i gur e,  per haps spanni ng 

t hem wi t h t humb and f or ef i nger .   I f  Socr at es i s  t ypi cal ,  t he di agr am 

woul d not  have been f ound squar e,  and wer e t he s l aveÕs concer n only f or  

appear ance,  he woul d have r esponded di f f er ent l y .  

Socr at esÕ f i r s t  f our  quest i ons ar e concer ned wi t h f i ndi ng out  

whet her  t he s l ave has mast er ed t he sk i l l  of  treating a di agr am as4 a 

squar e,  i n ot her  wor ds,  t he sk i l l  of  letting a di agr am be a squar e.   

Not  ever y empi r i cal  f i gur e can be t r eat ed as a squar e;  t he f i gur e needs 

t he same number  of  empi r i cal l y  di s t i ngui shabl e el ement s as t her e ar e 

el ement s of  a par adi gm empi r i cal  squar e ( l i ke a t i l e) ,  4 s i des and 4 

angl es,  and t he f i gur e shoul d be r oughl y  convex.   The poi nt  of  

Socr at esÕ first quest i on i s  t o det er mi ne whet her  t he s l ave under st ands 

t he char act er i s t i cs  necessar y f or  an empi r i cal  obj ect  t o be t r eat ed as 

a squar e.   But  t he capaci t y  t o t r eat  t he di agr am as a squar e al so 

r equi r es bei ng a compet ent  par t i c i pant  i n i nf er ent i al  pr act i ces 

i nvol v i ng t er ms l i ke Òsquar e, Ó Òl i ne, Ó and Òequal . Ó  So,  once t he s l ave 

acknowl edges t hat  t he di agr am i s  t he k i nd of  obj ect  t hat  can be t r eat ed 

as a squar e,  Socr at es pr oceeds by check i ng whet her ,  r egar dl ess of  

appear ance,  t he s l ave deduces cor r ect  concl us i ons gi ven t he s t i pul at i on 

t hat  t he f i gur e i s  a squar e.   The answer  t o t he quest i on Òar e t he f our  

4 I  use t he expr ess i on Òt r eat i ng asÓ r at her  t han Òseei ng asÓ because t he 
f or mer  emphasi zes t he act i v i t y  of  t he subj ect  and so avoi ds any 
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s i des equal ?Ó r ef l ect s  l ogi cal  mast er y ,  not a r epor t  of  a per cept ual  

char act er i s t i c  of  t he di agr am,  and especi al l y  not  a per cept ual  

char act er i s t i c  r eveal ed by a sophi s t i cat ed obser vat i on such as 

measur ement .   The conver sat i on pr ecedi ng t he demonst r at i on est abl i shes,  

t her ef or e,  t hat  t he s l ave i s  capabl e of  appl y i ng mat hemat i cal  concept s 

t o an empi r i cal  obj ect .        

I n gener al ,  t r eat i ng a di agr am as an i nst ance of  t he mat hemat i cal  

concept  "  cons i s t s  i n bei ng pr epar ed t o deduce var i ous concl us i ons 

about  t he el ement s of  t he di agr am.   I t  i s  t hi s  capaci t y  of  t he r easoner  

whi ch expl ai ns how Saccher i  i s  abl e t o use t he same di agr am t o pr ove 

t heor ems about  di s t i nct  quadr i l at er al s .   The di f f er ence bet ween 

t r eat i ng Saccher i Õs di agr am as one quadr i l at er al  r at her  t han anot her  

consi s t s  ent i r el y  i n t he di f f er ent  mat hemat i cal  concept s ( r i ght ,  

obt use,  acut e)  by means of  whi ch he t r eat s  t he summi t  angl es,  i n ot her  

wor ds,  i n t he di f f er ent  i nf er ences he i s  pr epar ed t o dr aw about  t he 

summi t  angl es.   For  exampl e,  Saccher i  t r eat s  one of  t he summi t  angl es 

as obt use when he i nf er s  t hat  i t  i s  not  equal  t o a base angl e,  whi ch i s  

r i ght  ( Appendi x ,  Pr op.  I I I . i i ) .   I n gener al ,  di agr ams ar e not  used by 

geomet er s t o r epr esent  met r i c  or  pr opor t i onal  dat a;  r at her ,  t hei r  

f unct i on i s  t o r epr esent  t opol ogi cal  pr oper t i es l i ke i nc i dence 

r el at i ons ( Gr eaves 2002,  29- 31) .   Thus,  t he summi t  angl es of  Saccher i Õs 

f i gur e have no exact  magni t ude unt i l  after one t r eat s  t hem as i nst ances 

of  exact  concept s.    

One t r eat s  t he el ement s of  a di agr am as i nst ances of  a 

mat hemat i cal  concept  because doi ng so enabl es one t o dr aw further 

i nf er ences about  el ement s of  t he di agr am i n accor dance wi t h r ul es 

al r eady at  oneÕs di sposal .   For  i nst ance,  af t er  t r eat i ng AC and BC i n 

                                                                         
suggest i on t hat  t he di agr am i s  ambi guous i n t he way Jast r owÕs duck-
r abbi t  i s .    
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f i g.  4 as equal  and t he t wo angl es f or med by t he r ay CD as equal ,  s i de-

angl e- s i de war r ant s  t he i nf er ence t hat  #ACD i s  congr uent  wi t h #BCD.   

Thi s  concl us i on,  and f ur t her  r ul es,  war r ant  f ur t her  concl us i ons.   I n 

t hi s  r espect  t he Meno demonst r at i on and Saccher i Õs pr oof s  pr oceed 

s i mi l ar l y .    

 To avoi d abst r act  obj ect s  I  appeal  t o i nf er ence r ul es i n t hi s  

cont ext ,  r at her  t han mat hemat i cal  t r ut hs.   Doi ng so makes mor e sense of  

t he Meno demonst r at i on t han Pl at oÕs own appeal  t o r ecol l ect i on.   I n 

or der  t o make hi s  case t hat  l ear ni ng i s  r ecol l ect i on,  Socr at es pur por t s  

t o be conver s i ng wi t h an i ndi v i dual  who has not  been t aught  geomet r y ,  

and Meno swear s t hi s  i s  t he case ( 85e) .   But  Meno also cer t i f i es  t hat  

t he s l ave i s  a compet ent  speaker  of  Gr eek ( 82b) ,  and t hi s ,  I  t ake i t ,  

i nc l udes hav i ng mast er ed deduct i ve t echni ques t hat  enabl e member s of  

t he communi t y  t o exchange money f or  goods,  const r uct  bui l di ngs,  et c .   

Wi t hout  t hese sk i l l s ,  t he demonst r at i on coul d never  get  of f  t he gr ound,  

as t he s l ave hasnÕt  been t aught  pur e mat hemat i cs,  and obser vat i on of  

t he di agr am i s  i nsuf f i c i ent  f or  t he answer s he gi ves.   I ndeed,  Pl at o 

l ends pl aus i bi l i t y  t o t he i dea of  r ecol l ect i on onl y  by ignoring t he 

pr act i cal  backgr ound whi ch makes poss i bl e t he di scuss i on bet ween 

Socr at es and t he s l ave.   Conver sel y ,  r ecol l ect i on l oses i t s  

pl aus i bi l i t y  t o t he ext ent  t hat  t he s l ave boyÕs di scover y can be t i ed 

t o hi s  pr act i cal  t r ai ni ng.     

 Cal l i ng at t ent i on t o t he pr act i cal  f oundat i on of  t he Meno 

demonst r at i on emphasi zes t hat  t he di agr amÕs r ol e i s  pr ec i sel y  t hat  

pl ayed by any phys i cal  obj ect  -  a f ar mer Õs f i el d,  a bui l di ng,  a r oomf ul  

of  guest s  and mor sel s  of  f ood,  et c .   We l ear n mor e about  a di agr am j ust  

as we l ear n mor e about  phys i cal  obj ect s ,  v i z . ,  by appl y i ng mat hemat i cal  

concept s and dr awi ng i nf er ences i n accor dance wi t h mat hemat i cal  r ul es.   

Recogni z i ng t hat  a di agr am i s  j ust  one among ot her  phys i cal  obj ect s  i s  
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t he cr uc i al  s t ep i n under st andi ng t he r ol e of  di agr ams i n mat hemat i cal  

ar gument .  

 Si mpl e empi r i cal  f eat ur es of  obj ect s  -  t hat  t hey can be count ed,  

t hat  t hey ar e pr oper  par t s  of  f ur t her  obj ect s ,  t hat  t hey can be pl aced 

on t op of  one anot her ,  t hat  one el ement  l i es  bet ween t wo ot her s,  et c .  -  

pl ay t he same r ol e i n i nf er ences i nvol v i ng di agr ams t hat  t hey pl ay i n 

i nf er ence f r om one empi r i cal  pr oposi t i on t o anot her .   I magi ne an 

i ndi v i dual  who,  f r om a poi nt  A,  obser ves t wo di s t ant  poi nt s  B and C,  

and suppose he set s  out  on a s t r ai ght  pat h cont ai ned wi t hi n t he angl e  

BAC.   We ar e pr epar ed t o i nf er  t hat  he must event ual l y  cr oss t he l i ne 

bet ween B and C i f  he keeps wal k i ng i n a s t r ai ght  l i ne.   Of  cour se,  he 

may ex i t  t he t r i angl e wi t hout  cr oss i ng BC,  but  t hen we woul d say t hat  

he must have dev i at ed f r om t he s t r ai ght  pat h.   Such i nf er ences ar e no 

doubt  connect ed t o our  exper i ence wi t h t r i angul ar  obj ect s .   But  t he 

i nf er ent i al  pr act i ce does not  ar i se s i mpl y  f r om i nduct i on;  f or  no one 

wi t h t he r el evant  exper i ence i magi nes he coul d encount er  a t r i angl e 

t hat  l acks t hi s  pr oper t y .   Wer e a neophyt e t o quest i on t he val i di t y  of  

t he i nt er sect i on of  t he s t r ai ght  pat h and t he s i de opposi t e A,  we coul d 

do l i t t l e beyond dr awi ng a di agr am f or  hi m,  or ,  per haps,  hav i ng hi m t r y  

i t  hi msel f .   Her e we have a pr i mi t i ve case of  di agr ammat i c  r easoni ng,  a 

case i n whi ch an i nf er ence i s  l i censed by a di agr am r at her  t han some 

pr ev i ous l y  ar t i cul at ed r ul e,  l i ke s i de- angl e- s i de.   How shal l  we 

under st and such cases? 

 Wi t t genst ei n can hel p her e.   Of t en he descr i bes mat hemat i cal  

pr oposi t i ons as empi r i cal  pr oposi t i ons t hat  have har dened i nt o r ul es 

( Wi t t genst ei n 1983,  VI ,  22- 3;  c f .  I ,  67;  I V,  29;  VI I ,  74) .   An 

empi r i cal  pr oposi t i on has har dened i nt o a r ul e once i t  has come t o be 

used by a communi t y  f or  i nf er r i ng one empi r i cal  pr oposi t i on f r om 
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anot her . 5  That  i s ,  i t  i s  no l onger  br ought  i nt o quest i on and i t  ser ves 

t o exclude cer t ai n poss i bi l i t i es  f r om our  exper i ence.   I n or der  f or  an 

empi r i cal  pr oposi t i on t o har den i nt o a r ul e,  t her e must  be over whel mi ng 

agr eement  among peopl e,  not  onl y  i n t hei r  obser vat i ons,  but  al so i n 

t hei r  r eact i ons t o t hem.   Thi s  agr eement  r ef l ect s ,  pr esumabl y ,  

bi ol ogi cal  and ant hr opol ogi cal  f act s  about  human bei ngs.   An empi r i cal  

pr oposi t i on t hat  has har dened i nt o a r ul e ver y l i kel y  has pr act i cal  

val ue,  under wr i t i ng i nf er ences i n commer ce,  ar chi t ect ur e,  et c .   Many of  

t he i nf er ence pr act i ces whi ch Socr at es and t he s l ave br i ng t o t hei r  

conver sat i on ar e undoubt edl y  t r aceabl e t o empi r i cal  pr oposi t i ons t hat  

have har dened i nt o a r ul e.    

 Pr oposi t i ons cor r espondi ng t o empi r i cal  r egul ar i t i es  ar e good 

candi dat es t o become r ul es.   For  exampl e,  peopl e obser ve t hat  combi ni ng 

gr oups of  f i ve sheep and seven sheep y i el ds a gr oup of  t wel ve sheep,  

combi ni ng f i ve hor ses wi t h seven y i el ds a gr oup of  t wel ve hor ses,  et c .   

A pr oposi t i on cor r espondi ng t o t hi s  r egul ar i t y ,  say,  Òcombi ni ng a gr oup 

of  f i ve wi t h a gr oup of  seven y i el ds a gr oup of  t wel ve, Ó i s ,  by v i r t ue 

of  i t s  use,  har dened i nt o a r ul e f or  i nf er r i ng one empi r i cal  

pr oposi t i on f r om anot her .   That  i s ,  cer t ai n poss i bi l i t i es  ar e exc l uded 

f r om our  exper i ence,  and someone who combi nes gr oups of  f i ve and seven 

t o obt ai n a gr oup l ar ger  or  smal l er  t han t wel ve must  have mi scount ed.   

I nf er ences t hat  depend on a di agr am ar e s i mi l ar .   I t  i s  sur el y  an 

empi r i cal  r egul ar i t y  t hat  a r ay dr awn f r om a ver t ex t hr ough t he 

i nt er i or  of  a t r i angl e i nt er sect s  t he opposi t e s i de.   But ,  unl i ke t he 

ar i t hmet i c  case,  t he r egul ar i t y  i s  so obv i ous t hat  no one bot her s t o 

5 Cf .  Wi t t genst ei n 1961,  6. 211:   ÒI ndeed i n r eal  l i f e a mat hemat i cal  
pr oposi t i on i s  never  what  we want .   Rat her ,  we make use of  mat hemat i cal  
pr oposi t i ons only i n i nf er ences f r om pr oposi t i ons t hat  do not  bel ong t o 
mat hemat i cs t o ot her s t hat  l i kewi se do not  bel ong t o mat hemat i cs. Ó  The 
passage cont i nues:   ÒI n phi l osophy t he quest i on,  Ôwhat  do we act ual l y  
use t hi s  wor d or  t hi s  pr oposi t i on f or ?Õ r epeat edl y  l eads t o val uabl e 
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f or mul at e a cor r espondi ng pr oposi t i on.   The absence of  an expl i c i t  

pr oposi t i on i s  not  so i mpor t ant  her e.   A di agr am or  per haps a vague 

amal gam of  past  exper i ence can per f or m t he same f unct i on,  v i z . ,  ser v i ng 

as a par adi gm i n accor dance wi t h whi ch one pr oposi t i on i s  i nf er r ed f r om 

anot her .   As l ong as no one cal l s  t he r esul t  i nt o quest i on and as l ong 

as neophyt es whose r ays f ai l  t o i nt er sect  t he opposi t e s i de ar e 

cor r ect ed,  a di agr am i s  as good as a r ul e.    

 Event ual l y ,  of  cour se,  j ust  such a r ul e -  PaschÕs ax i om -  was 

ar t i cul at ed i n t he cont ext  of  f or mal  ax i omat i cs,  whi ch consc i ous l y  

r ej ect s  appeal  t o exper i ence.   For mal  ax i omat i cs emer ged onl y  i n t he 

l at e 19t h cent ur y ,  af t er  geomet r y  embr aced obj ect s  wi t h no empi r i cal  

count er par t s  ( e. g. ,  Poncel et Õs poi nt s  at  i nf i ni t y ;  c f .  Gr eaves 2002,  42 

f f . ) .   But  when geomet r y  i s  const r ued as a set  of  i nf er ence r ul es 

appl i cabl e t o obj ect s  of  exper i ence,  t he concl us i on t hat  t he r ay 

emer gi ng f r om one angl e of  a t r i angl e i nt er sect s  t he s i de opposi t e i s  

as necessar y as any,  even t hough i t s  war r ant  may be a di agr am.  

 I nf er ence r ul es ar i s i ng f r om empi r i cal  r egul ar i t i es  ar e i mpor t ant  

enough t o exami ne i n t he cont ext  of  a di f f er ent  exampl e,  t he pr i nc i pl e 

of  super posi t i on.   The pr i nc i pl e of  super posi t i on l i censes one t o i nf er  

t he equal i t y  of  l i nes,  angl es and ar eas f r om det er mi ni ng t hat  cer t ai n 

of  t hei r  el ement s can be made t o coi nc i de ( c f .  Heat h 1956,  vol .  1,  

225) .   I t Õs pl aus i bl e t hat  MenoÕs s l ave agr ees t hat  t he di agonal  

bi sect s  t he squar e ( 84e)  on t he bas i s  of  super posi t i on.   The pr i nc i pl e 

of  super posi t i on al so ar i ses f r om empi r i cal  r egul ar i t i es ,  t he r esul t s  

of  pl ac i ng one br i ck  on t op of  anot her ,  f ol di ng paper  or  c l ot h back on 

i t sel f ,  et c .   Ri t ual  al t ar s  wer e,  i n f act ,  const r uct ed us i ng t he r ul e 

t hat  t he par t s  of  a br i ck  br oken al ong t he di agonal  coul d be 

                                                                         
i ns i ght s . Ó  The l at t er  r emar k suggest s  t hat  t hi s  v i ew of  mat hemat i cs i s  
car r i ed i nt o hi s  l at er  phi l osophy.  
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super i mposed on one anot her  ( c f .  Sei denber g 1977,  337) .   Her e agai n i s  

an empi r i cal  r egul ar i t y  el evat ed t o a r ul e by i t s  use as a criterion 

f or  hav i ng di v i ded a br i ck  al ong i t s  di agonal ;  par t s  t hat  canÕt  be 

super i mposed i ndi cat e a poor l y  const r uct ed br i ck  or  di agonal .    

Comment at or s  compl ai n about  super posi t i on.   Gr eaves,  f or  

i nst ance,  r egar ds i t  i s  a weak poi nt  i n t he syst em of  di agr ammat i c  

r epr esent at i on ( Gr eaves 2002,  30- 2) ,  t hough Heat h c l ai ms t hat  no 

anc i ent  geomet er  doubt ed i t s  l egi t i macy ( i bi d. ) .   Ther e is somet hi ng 

unt owar d about  super posi t i on,  but  not  what  Gr eaves i magi nes.   

Super posi t i on l i es out s i de t he usual  syst em of  di agr ammat i c  

r epr esent at i on because i t  i s  not  par t  of  our  exper i ence of  dr awi ng 

f i gur es on paper  or  on t he gr ound.   I nst ead,  t he gr asp of  super posi t i on 

ar i ses f r om our  exper i ence wi t h pl ac i ng obj ect s  on t op of  one anot her .   

Appar ent l y ,  t r adi t i onal  geomet r y  compr i ses mor e t han Òdi f f er ent  t ypes 

of  gr aphi cal  const r uct i on combi ned É wi t h sent ent i al  deduct i ve 

ar gument sÓ ( c f .  Gr eaves 2002,  20) .   Anc i ent  geomet er s used 

super posi t i on spar i ngl y ,  not  because t hey hel d i t  t o be l ess r el i abl e 

t han t he i nf er ence t echni ques whi ch ar ose f r om exper i ence wi t h dr awi ng 

f i gur es,  but  pr esumabl y  because i t  was mor e compl i cat ed and so l ess 

pl eas i ng aest het i cal l y . 6 

 I  have emphasi zed t hat  di agr ammat i c  r easoni ng r ecapi t ul at es 

habi t s  of  appl i ed mat hemat i cal  r easoni ng.   On t hi s  v i ew,  di agr ams ar e 

not  r epr esent at i ons of  abst r act  obj ect s ,  but  s i mpl y  phys i cal  obj ect s ,  

whi ch ar e somet i mes used t o r epr esent  ot her  phys i cal  obj ect s .   Cont r ar y  

t o what  one may i magi ne,  t hi s  account  i s  consi s t ent  wi t h t he ai ms of  

bot h t he Meno demonst r at i on and Saccher i Õs pr oof s ,  v i z . ,  obt ai ni ng 

mat hemat i cal  knowl edge.   For  obt ai ni ng mat hemat i cal  knowl edge,  

accor di ng t o t he pr esent  anal ys i s ,  cons i s t s  not  i n gai ni ng i nf or mat i on 
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about  abst r act  obj ect s ,  but  i n const r uct i ng i nf er ence r ul es.   

Mat hemat i cal  pr oof  i s  t he const r uct i on of  such r ul es,  and of t ent i mes 

t he const r uct i on i nvol ves a di agr am.   The new r ul e can be used l i ke t he 

pr i or  t echni ques,  v i z . ,  as a war r ant  f or  i nf er r i ng somet hi ng about  an 

empi r i cal  obj ect  on t he bas i s  of  t r eat i ng i t s  el ement s as i nst ances of  

cer t ai n exact  concept s.   But  t he new r ul e i s  par t  of  pur e mat hemat i cs 

as long as t he obj ect  t o whi ch t he i nf er ence t echni ques ar e appl i ed Ð 

t he di agr am -  i s  not  subj ect  t o t he usual  caveat s of  appl i ed 

mat hemat i cs.   Si nce t her e i s  no question whet her  Socr at esÕ dr awi ng i s  

bet t er  t r eat ed as a squar e t han a r hombus and no question whet her  hi s  

di agonal s  ar e r eal l y  s t r ai ght  and r eal l y  bi sect  t hei r  r espect i ve 

squar es,  t he r esul t  i n Meno is pur e mat hemat i cs.   The same i s  t r ue of  

t he i soscel es t r i angl e t heor em and each of  t he Saccher i  quadr i l at er al  

t heor ems.  

 Thus f ar ,  Eucl i dean pr oof  has been t he par adi gm f or  di agr ammat i c  

r easoni ng.   Empl oyment  of  t hi s  par adi gm i nv i t es t he obj ect i on t hat  we 

ar e sk i ppi ng an i mpor t ant  Ð and ar guabl y  mor e i nt er est i ng Ð case of  

di agr ammat i c  r easoni ng:  so- cal l ed Òpr oof  wi t hout  wor dsÓ or  Òpi c t ur e 

pr oof sÓ ( c f .  Nel sen 1993) .   I ndeed,  t he di scuss i ons of  di agr ammat i c   

r easoni ng whi ch I  have c l ass i f i ed as Pl at oni s t i c ,  ar e l ar gel y  concer ned 

wi t h di agr ams l i ke ( f i g.  6)   

 

[ [ I NSERT I MAGE Sher r yFi g6.e ps ]]  

 

f i g.  6 

r at her  t han ones t hat  occur  i n Eucl i d.    

                                                                         
6 For  a val uabl e di scuss i on of  t he s i gni f i cance of  super posi t i on i n 
Eucl i d,  see Sei denber g 1975,  267- 9.  
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 The pai r  of  di agr ams i n f i g.  5 i s  an anc i ent  way of  br i ngi ng 

peopl e t o see t hat  t he squar e const r uct ed on t he hypot enuse of  a r i ght  

t r i angl e has t he same ar ea as t he squar es const r uct ed on i t s  s i des.   

How di f f er ent  i s  t hi s  pi c t ur e- pr oof  f r om a t r adi t i onal  pr oof ?  Pi c t ur e-

pr oof s  donÕt  show t hei r  r esul t s  on t hei r  s l eeve,  as i t  wer e;  i t Õs 

necessar y t o s t udy t hem f or  a whi l e,  bef or e t hey r eveal  t hei r  t r easur e.   

Br own put s  t hi s  poi nt  ni cel y :  

Remember ,  pi c t ur es may make a r esul t  Ôobvi ousÕ,  but  obv i ous and 

i mmedi at e need not  be t he same t hi ng.   Of t en you wi l l  have t o 

wor k at  i t  f or  a whi l e.   ( 1999,  43)  

 The pr oof  above t akes some wor k.   Among ot her  t hi ngs,  i t Õs 

cr uc i al  t o r ecogni ze t hat  t he t wo f i gur es ar e congr uent  squar es,  each 

cont ai ni ng congr uent  r i ght  t r i angl es t hat  ar e al so congr uent  wi t h t he 

t r i angl es i n t he s i s t er  f i gur e.   These r el at i ons wi l l  be suggest ed by a 

wel l  dr awn di agr am,  whi l e a poor l y  dr awn di agr am mi ght  pr event  someone 

f r om r ecogni z i ng t he i nt ended congr uences.   But  none of  t hi s  means t hat  

t he di agr am does i t s  wor k by r esembl i ng an abst r act  obj ect .   For  t he 

congr uence r el at i ons coul d al so be suggest ed by l abel i ng or  hash- mar ks 

Ð even i f  t he di agr am wer e poor l y  dr awn.   The v i r t ue of  a wel l  dr awn 

di agr am i s  t he v i r t ue of  t he hash- mar ks Ð t o i ndi cat e wi t h whi ch 

s t i pul at i ons t he r easoni ng shoul d commence.   Onl y  by t r eat i ng var i ous 

l engt hs and angl es as exactly equal  i s  t he r easoner  abl e t o r each t he 

des i r ed r esul t .   As weÕve obser ved r epeat edl y ,  mer e per cept i on i s  

i mpot ent  f or  est abl i shi ng exact  met r i cal  r el at i ons.   No mat t er  how 

car ef ul l y  t he di agr ams ar e dr awn t he r esul t  i s  not  s i mpl y  r ead of f  t he 

di agr am.   Some i ndi v i dual  may f ai l  t o see t he r esul t  i mpl i c i t  i n our  

pi c t ur e- pr oof  because heÕs not  convi nced t hat ,  say,  t he s i s t er  f i gur es 

r eal l y  ar e congr uent .   But  t hat  f ai l ur e wi l l  be due not t o a per cei ved 

i nequal i t y ,  but  r at her  t o an i nabi l i t y  t o gr asp a concept ual  r el at i on.   
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Pi c t ur e- pr oof s ,  as wel l  as pr oof s  i n Eucl i d,  pr esuppose t hat  t he 

r easoner  has mast er ed t he sk i l l  of  t r eat i ng an empi r i cal  obj ect  by 

means of  exact ,  mat hemat i cal  concept s.   They di f f er  f r om Eucl i dean 

pr oof s  onl y  i n t hei r  i nf or mal i t y ,  i . e. ,  i n t he way i n whi ch t hey l eave 

i n t he backgr ound t he concept ual  maneuver s necessar y f or  t he pr oof  t o 

succeed.  

 At  t hi s  poi nt ,  a gener al  char act er i zat i on of  t he r ol e of  a 

di agr am i n geomet r i cal  ar gument at i on i s  appr opr i at e.   Ther e i s ,  i n 

f act ,  a dual  r ol e.   I n t he f i r s t  pl ace,  a di agr am ser ves as t he gr ound 

f or  synt hes i z i ng a mat hemat i cal  r ul e f r om ex i s t i ng concept s and 

i nf er ence r ul es.   Wi t hout  t he di agr am t her e i s  no obj ect  t o whi ch t he 

r ul es may be appl i ed,  and so no const r uct i on i s  poss i bl e.   The 

f or mal i s t  wi l l  not  br ook t hi s  c l ai m,  of  cour se,  but  even he has t o 

r ecogni ze wi t hi n i t  a ker nel  of  t r ut h.   For mal  pr oof s  pr oceed by f i r s t  

assumi ng some obj ect  a possesses a pr oper t y  "  and t hen dr awi ng f ur t her  

i nf er ences about  a by i nst ant i at i ng t he ax i oms t o a and appl y i ng t hem.   

Wi t hout  t he i ndi v i dual  a,  r easoni ng cannot  get  of f  t he gr ound.   But  

al t hough t he di agr am i s  el i mi nabl e i n f avor  of  an or t hogr aphi c  symbol ,  

i n pr act i ce geomet r i cal  r easoni ng i s  car r i ed on i n l i ght  of  a di agr am.   

Even Hi l ber t Õs Foundations of Geometry empl oys di agr ams t o spar e i t s  

r eader s t he pai n of  pur el y  f or mal  pr oof s  ( e. g. ,  Hi l ber t  1921,  17) .   

Per haps,  t hough,  i t  i s  bet t er  t o qual i f y  our  c l ai m:   I n l i ght  of  our  

cogni t i ve capaci t i es t he di agr am pr ov i des an ef f i c i ent  gr ound f or  

synt hes i z i ng new i nf er ence r ul es f r om ex i s t i ng concept s and r ul es.  

 The second r ol e of  a geomet r i cal  di agr am i s  t o war r ant  f ur t her  

i nf er ences i n v i r t ue of  i t s  s i mpl e empi r i cal  char act er i s t i cs .   One 

exampl e has al r eady been pr esent ed:   I t  i s  an empi r i cal  char act er i s t i c  

of  a t r i angul ar  di agr am t hat  a l i ne whi ch ent er s  t he t r i angl e t hr ough a 

ver t ex wi l l  i nt er sect  t he s i de opposi t e t hat  ver t ex,  and i n a 
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mat hemat i cal  cont ext  t hi s  char act er i s t i c  i s  under st ood t o be a 

necessar y char act er i s t i c  of  any t r i angl e.   A di f f er ent  sor t  of  exampl e 

occur s i n t he pr oof  of  Saccher i Õs t hi r d pr oposi t i on ( appendi x) .   At  one 

poi nt  i n t he pr oof  Saccher i  seeks t o show t he absur di t y  of  a 

pr oposi t i on heÕs j ust  der i ved,  ! MAL=! HLA ( f i g.  7) .  

 

[ [ I NSERT I MAGE Sher ry Fi g7.e ps ]]  

 

f i g.  7 

The absur di t y  ar i ses f r om t wo c i r cumst ances.   On t he one hand t he 

s t i pul at i on t hat  ! HDA i s  acut e7 ent ai l s  t hat  ! HLA,  whi ch i s  i nt er nal  

and opposi t e t o ! HDA,  i s  al so l ess t han ! HDA and so i t sel f  acut e.   On 

t he ot her  hand,  t he s t i pul at i on t hat  ! MAD i s  r i ght ,  i n conj unct i on wi t h 

t he diagrammatically evident fact t hat  ! MAL cont ai ns ! MAD,  ent ai l s  

t hat  ! HLA ( whi ch equal s  ! MAL)  i s  obt use.   Thi s  woul d be ev i dent  even 

i f  t he di agr am wer e so poor l y  dr awn t hat  ! MAL and ! MAD bot h appear ed 

t o be acut e.   Her e t oo,  al t hough t he di agr ammat i cal l y  ev i dent  f act  i s  

an empi r i cal  f eat ur e of  t he di agr am,  we t r eat  t hat  f eat ur e as a r ul e.   

Thus,  some but  not  al l  per cept ual  char act er i s t i cs  of  a di agr am f unct i on 

i n a geomet r i c  pr oof ;  t hey ar e,  I  r ei t er at e,  t opol ogi cal  r at her  t han 

met r i c  char act er i s t i cs .   They cor r espond t o t he s i mpl est  and most  

gener al  aspect s  of  our  exper i ence wi t h phys i cal  obj ect s ,  aspect s  whi ch 

ar e so per vas i ve t hat  t hey have been el evat ed t o t he pos i t i on of  r ul es.  

 ¤3.  Beyond Geomet r i cal  Di agr ams.   My account  of  di agr ammat i c  

r easoni ng i s  model ed upon t he use of  di agr ams i n t r adi t i onal  geomet r y .   

But  per haps not  al l  di agr ammat i c  r easoni ng f i t s  t hi s  mol d.   Br own 
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suggest s  t hi s  when he di s t i ngui shes a di agr am whi ch f unct i ons by bei ng 

Òi somor phi c ,  or  at  l east  homomor phi c ,  t o t he s i t uat i on i t  r epr esent sÓ 

f r om a di agr am whi ch exhi bi t s  no such r el at i on ( f i g.  8) .    

 
[ [ I NSERT I MAGE Sher ry Fi g8.e ps ]]  

 
f i g.  8 

Br own i l l us t r at es t he case wi t h f i g.  8,  whi ch pr oves t hat  
2

n

2

n
n

2n

1

+=!  

( 1999, 35) . 8  Br own i s  wor r i ed about  t he di agr am i n f i g.  8 because i t  

appl i es onl y  t o a par t i cul ar  number  but  est abl i shes t he r esul t  f or  a 

whol e c l ass of  number s.   Such di agr ams ar e i somor phi c  t o number  

s t r uct ur es wi t h t hat  par t i cul ar  car di nal i t y ,  but  t hey ar e not  

i somor phi c  t o al l  t he number s.   And even t hough t he di agr am i s  

homomor phi c  t o t he whol e number  s t r uct ur e,  Br own ar gues t hat  t her e i s  

no r eason t o suppose t hat  t he homomor phi sm sheds l i ght  on t he whol e 

s t r uct ur e ( i bi d. ) .   Thi s  wor r y  r ef l ect s  t oo gr eat  a concer n f or  t he 

per cept ual  char act er i s t i cs  of  t he di agr am and i nsuf f i c i ent  concer n f or  

t he concept ual  r esour ces Ð t he exact  met r i c  concept s -  whi ch t he 

r easoner  br i ngs t o bear  upon t he di agr am.  

 The di agr am i n f i g.  8 cont ai ns seven squar es al ong i t s  l ef t  s i de 

and i t s  base.   Thi s  i s  l ear ned by count i ng,  t hough one pr obabl y  needs 

t o count  j ust  t he squar es i n t he s i de or  t he base,  as t he symmet r y  of  

t he f i gur e l eads one t o concl ude t hat  t he number  i s  t he same i n bot h 

cases.   As wel l ,  t he f i gur e cont ai ns 21 whi t e squar es and 7 hal f - bl ack 

and hal f - whi t e squar es.   Do any of  t hese speci f i c  number s f unct i on i n 

                                                                         
7 I  chal l enge any r eader  who st i l l  suspect s  t hat  t he summi t  angl es of  a 
Saccher i  quadr i l at er al  ar e anal ogous t o t he duck- r abbi t  t o t r y  t o see 
! HDA as acut e.   

8 Thi s  r esul t  i s  of t en expr essed i n t he f or m 
2

)1n(n +
.   Br ownÕs 

al t er nat i ve f or m i s  mor e nat ur al  f or  t hi s  par t i cul ar  pr oof .  
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t he pr oof ,  once we make expl i c i t  t he s t eps i n t he r easoni ng?  As l ong 

as one r ecogni zes t hat  t he l ef t  s i de and base of  t he f i gur e cont ai n t he 

same number  of  squar es,  t he speci f i c  number  of  squar es al ong t he s i de 

or  i n t he whol e i s  i r r el evant .    

 The r esul t  cont ai ns t wo t er ms,  
2

n2

 and 
2

n
.   The f or mer  cor r esponds 

t o t he whi t e por t i on of  t he f i gur e and t he l at t er  t o t he bl ack por t i on.   

The magni t ude of  t he whi t e por t i on depends on t he geomet r i cal -

ar i t hmet i c  r ul e t hat  t he ar ea of  a squar e i s  t he pr oduct  of  t he l engt h 

of  i t s  s i des and t he pur el y  geomet r i c  r ul e t hat  t he di agonal  of  a 

squar e cut s  i t  i n hal f .   Those r ul es ar e appl i cabl e onl y  i f  one 

under st ands t hat  f i g.  8 i s  par t  of  a squar e wi t h n smal l er  squar es 

al ong i t s  s i de.   The magni t ude of  t he bl ack por t i on depends on t he 

geomet r i c  r ul e t hat  a squar eÕs di agonal  di v i des i t  i n t wo,  as wel l  as 

t he di agr ammat i cal l y  ev i dent  f eat ur e t hat  t her e ar e t he same number  of  

hal f  bl ack squar es as t her e ar e squar es al ong t he l ef t  s i de ( or  base) ,  

whi ch,  agai n,  does not depend on count i ng t he par t i cul ar  number  of  

squar es.   Per haps t he gener al  quant i t at i ve r ul e t hat  a sum of  a hal f  of  

each of  a number  of  t hi ngs i s  hal f  t he sum of  each of  t hose t hi ngs i s  

al so i nvol ved.   Whet her  or  not  one connect s  t hese r esul t s  t o t he s i mpl e 

ar i t hmet i c  r ul e t hat  1+2+É+7=28 i s  i mmat er i al  t o t he success of  t hi s  

mar vel ous l i t t l e pr oof .  

 What  i s  necessar y f or  t he pr oof ,  t hough,  i s  t hat  one t r eat s  t he 

di agr am i n accor dance wi t h exact  met r i cal  concept s.   The smal l er  

squar es must  be t r eat ed as exact l y  squar e and congr uent  wi t h one 

anot her  i f  t he ent i r e f i gur e i s  t o be under st ood as a por t i on of  a 

l ar ge squar e whose s i des ar e exact l y  t he same l engt h as t he s i des of  

t he di agr am.   Li kewi se t he l i nes whi ch di v i de each of  t he smal l er  bl ack 

and whi t e squar es must  be t r eat ed as s t r ai ght  l i nes t hat  di v i de t hose 



 23 

squar es exact l y  i n t wo r at her  t han as l i nes whi ch mer el y  di v i de t hem 

i nt o t wo por t i ons.   Hence,  t hi s  number - t heor et i c  r esul t  depends upon 

j ust  t he k i nd of  geomet r i c  r easoni ng f r om whi ch our  account  of  di agr ams 

was devel oped.   The same i s  t r ue of  ot her  di agr ams whi ch Br own pr esent s 

as pr oof s  of  number - t heor et i c  r esul t s  ( e. g. ,  1999,  36- 7;  43- 4) .    

 The i ssue t hat  concer ns Br own most ,  t he gener al i t y  of  a di agr am 

empl oyed i n a number - t heor et i c  pr oof ,  t ur ns out  t o be no gr eat er  

pr obl em t han t hat  posed by us i ng a par t i cul ar  di agr am i n pr ov i ng a 

r esul t  about  al l  t r i angl es or  al l  squar es.   I n or der  t o gener al i ze 

pr oper l y  f r om a di agr am,  no f eat ur es of  t he di agr am ( i nc l udi ng f eat ur es 

t hat  r esul t  f r om l et t i ng a par t i cul ar  el ement  i n t he di agr am be " )  can 

be empl oyed unl ess t hey ar e shar ed by any f i gur e whi ch t he r esul t  i s  

al l eged t o cover .   Fi g.  8 appl i es unpr obl emat i cal l y  t o any whol e number  

because t he pr oof  appeal s  t o no f eat ur es of  t he par t i cul ar  number s t hat  

occur  i n t he di agr am ( such as t he f act  t hat  7 i s  pr i me and 28 i s  

per f ect )  i n der i v i ng t he r esul t .   Br ownÕs wor r y  t hat  t he el ement s of  

t he di agr am ar e not  i somor phi c  t o number  s t r uct ur es wi t h di f f er ent  

car di nal i t i es  i s  not  an i ssue;  I  suspect  he has t hi s  wor r y  because he 

ass i gns t o i mpor t ant  a r ol e t o t he per cept ual  char act er i s t i cs  of  t he 

di agr am.   But  t he success of  t he pr oof  does not  depend on our  

per cept i on of  t he number  of  el ement s i n one or  anot her  par t  of  t he 

di agr am.   I t  depends onl y  on our  bei ng abl e t o see t hat  cer t ai n par t s  

of  t he di agr am have t he same number  of  el ement s,  a f act  whi ch we can 

per cei ve wi t hout  knowi ng t he speci f i c  number s,  i . e. ,  wi t hout  count i ng.  

  The account  of  di agr ammat i c  r easoni ng gl eaned f r om t r adi t i onal  

geomet r i c  pr act i ce ext ends,  appar ent l y ,  beyond t hat  pr act i ce t o pr oof s  

i n number  t heor y.   Mor eover ,  t he f act  t hat  t he exampl e di scussed 

empl oys bot h geomet r i c  and ar i t hmet i c  r ul es f i t s  wel l  wi t h t he ear l i er  

cont ent i on t hat  di agr ammat i c  r easoni ng i s  j ust  a speci al  case of  
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appl i ed mat hemat i cs.   A cr af t sman who appl i es mat hemat i cal  r ul es t o 

obj ect s  i n t he wor l d pays l i t t l e at t ent i on t o t he c i r cumst ance t hat  

some of  t hese r ul es ar e geomet r i c  and ot her s ar i t hmet i c .   I t  i s  not  

sur pr i s i ng t hat  t he same shoul d be t r ue i n t he cont ext  of  a 

di agr ammat i c  pr oof ,  i f  such pr oof s  ar e j ust  a speci al  case of  appl i ed 

mat hemat i cs.    

 Concl us i on.  I  wonÕt  c l ai m t o have gi ven a compl et e pi c t ur e of  

di agr ammat i c  r easoni ng.   But  I  bel i eve I  have shown t hat  an account  of  

di agr ammat i c  r easoni ng t hat  avoi ds abst r act  obj ect s  compet es wel l  wi t h 

ex i s t i ng Pl at oni s t i c  account s,  especi al l y  because t he l at t er  f ai l  t o 

capt ur e t he r ange of  pr act i ces compr i sed i n di agr ammat i c  r easoni ng. 9       

         

 Aut hor  Bi ogr aphy:   Davi d Sher r y  i s  f or t unat e t o be pr of essor  of  

phi l osophy at  Nor t her n Ar i zona Uni ver s i t y .    
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Appendi x  

Euclides vindicatus,  Pr op.  I - I I I  

 Pr oposi t i on I .   I f  ! A and ! B ar e r i ght ,  t hen i f  AD=BC,  ! C=! D.  

 

[ [ I NSERT I MAGE Sher ry Fi gA1. eps] ]  

 

Pr oof :   Dr aw DB and CA.   #DAB$#CBA because ! A=! B,  AD=BC,  and t hey 

shar e a common s i de,  AB.   Hence,  DB=CA.   #DCB$#CDA because AD=BC,  

DB=CA and DC i s  common.   I t  f ol l ows t hat  ! C=! D.   ( Saccher i  uses 

Pr op.  I  i n cont r aposi t i ve f or m,  I f  ! A and ! B ar e r i ght ,  t hen i f  

! C%! D,  t hen AD%BC. )  

 Pr oposi t i on I I .   I f  ! A and ! B ar e r i ght  and AD=BC,  t hen i f  

E and F ar e mi dpoi nt s  of  AB and DC,  r espect i vel y ,  t hen FE i s  

per pendi cul ar  t o AB and DC.    

 

[ [ I NSERT I MAGE Sher ry Fi gA2. eps] ]  

 

Pr oof :   Dr aw DE and CE.   #DEA$#CEB ( SAS) .   Ther ef or e,  DE=CE.   

Thus,  #DFE$#CFE ( SSS) .   Hence ! DFE=! CFE,  and by Eucl i dÕs 10t h 
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def i ni t i on t hey ar e r i ght .   Next ,  dr aw FA and FB.   By Pr op.  I ,  

! D=! C,  so #DAF$#CBF ( SAS) .   Thus AF=BF.   Hence,  #FAE$#FBE ( SSS) .   

Thus,  ! AEF=! FEB and so bot h ar e r i ght  ( def .  10) .  

 Pr oposi t i on I I I .   I f  ABCD i s  a Saccher i  quadr i l at er al ,  t hen ( i )  

i f  i t s  summi t  angl es ar e r i ght ,  t hen CD=AB;   ( i i )  i f  i t s  summi t  angl es 

ar e obt use,  t hen CD<AB;   and ( i i i )  i f  i t s  summi t  angl es ar e acut e,  t hen 

CD>AB.  

 

[ [ I NSERT I MAGE Sher ry Fi gA3. eps] ]  

 

Pr oof  ( i ) :   Suppose ! C and ! D ar e r i ght  and t hat  DC>AB.   Take 

CK=AB and j oi n AK.   Then ABCK i s  a Saccher i  quadr i l at er al  and 

! BAK=! CKA ( Pr op.  I ) .   But  by const r uct i on,  ! BAK< r i ght  ! BAD.   

Mor eover ,  ! CKA i s  ext er nal  t o #DAK,  so ! CKA> r i ght  ! ADC ( El ement s 

I . 16) .   Hence ! BAK%! CKA,  cont r ar y  t o hypot hes i s .   Ther ef or e,  

~( DC>AB) .   A s i mi l ar  pr oof  shows ~( AB>DC) .   Thus DC=AB.  

 

[ [ I NSERT I MAGE Sher ry Fi gA4. eps] ]  

 

Pr oof  ( i i ) :   Suppose ! C and ! D ar e obt use.   Bi sect  AB and CD at  M 

and H r espect i vel y ,  and j oi n MH.   ! DHM and ! AMH ar e bot h r i ght  

( Pr op.  I I ) .   Si nce ! DAM i s  r i ght  and ! ADH  i s  obt use,  AM%DH 

( Pr op.  I ,  cont r aposi t i ve) .   But  al so ~( DH>AM) .   For  suppose 

DH>AM.   Then as bef or e cut  of f  KH=AM.   By Pr op.  I ,  ! AKH=! MAK.   

But  t hi s  i s  absur d because ! MAK i s  l ess t han a r i ght  angl e whi l e 

! AKH i s  gr eat er  t han an obt use angl e,  ! ADK ( I . 16) .   Hence DH<AM 

and so CD<AB.  
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[ [ I NSERT I MAGE Sher ry Fi gA5. eps] ]  

 

Pr oof  ( i i i ) :  Suppose ! C and ! D ar e acut e.  Const r uct  MH as i n ( i i ) .   As 

bef or e,  s i nce ! HDA%! DAM,  DH%AM ( Pr op.  I ) .   But  nei t her  i s  DH<AM.   For  

suppose DH<AM.   Pr oduce HD t o HL so t hat  HL=AM.   By Pr op.  I ,  ! MAL=! HLA.   

But  t hi s  i s  absur d because by const r uct i on ! MAL> r i ght  ! MAD and ! HLA i s  

i nt er nal  and opposi t e,  and so l ess t han acut e ! HDA.   Hence,  DH>AM and 

so CD>AB.    
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